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ON THE MODULARITY OF 2-ADIC POTENTIALLY SEMI-STABLE
DEFORMATION RINGS
SHEN-NING TUNG
Abstract. Using p-adic local Langlands correspondence for GL2(Q2) and an ordinary R = T theorem,
we prove that the support of patched modules for quaternionic forms meet every irreducible component
of the potentially semi-stable deformation ring. This gives a new proof of the Breuil-Me´zard conjecture
for 2-dimensional representations of the absolute Galois group of Q2, which is new in the case r a twist
of an extension of the trivial character by itself. As a consequence, a local restriction in the proof of
Fontaine-Mazur conjecture in [Pasˇ16] is removed.
Introduction
Let p be a prime number, and let f be a normalized cuspidal eigenfrom of weight k ≥ 2 and level
N ≥ 1. There exists a Galois representation
ρf : Gal(Q/Q)→ GL2(O)
attached to f by Deligne, where O is a ring of integers of a finite extension E of Qp. Due to the work of
many people, the representation is known to be irreducible, odd (i.e. det ρf (c) = −1 with c the complex
conjugation), unramified at primes l ∤ pN , and de Rham (in the sense of Fontaine) at p with Hodge-Tate
weights (0, k − 1).
In [FM95] Fontaine and Mazur made a conjecture which asserts the converse:
Conjecture (Fontaine-Mazur). Let
ρ : Gal(Q/Q)→ GL2(O)
be a continuous, irreducible representation such that
• ρ is odd,
• ρ is unramified outside all but finitely many places,
• the restriction of ρ at the decomposition group at p is de Rham with distinct Hodge-Tate weights.
Then (up to a twist) ρ ∼= ρf for some cuspidal eigenform f .
We will say that ρ is modular if it is isomorphic to a twist of ρf by a character. Similarly, we will say
that ρ : Gal(Q/Q) → GL2(k) is modular if ρ ∼= ρf up to a twist, where k is the residue field of O and
ρ is obtained by reducing the matrix entries of ρf modulo the maximal ideal of O. This conjecture has
been proved in several cases under different assumptions, e.g. [Eme06b, Eme11]. We will only focus on
those related to the groundbreaking work of Kisin in [Kis09a].
Theorem (Kisin, Pasˇku¯nas, Hu-Tan, Tung). Let ρ be as in the conjecture. Let ρ : Gal(Q/Q)→ GL2(k)
be the reduction of ρ modulo the maximal ideal of O. Assume furthermore that
• ρ|Gal(Qp/Qp) has distinct Hodge-Tate weights.
• ρ is modular.
• ρ has non-solvable image if p = 2; ρ|Gal(Q(ζp)/Q) is absolutely irreducible if p > 2.
• if p = 2, then ρ|Gal(Qp/Qp) 6∼ (
χ ∗
0 χ ) for any character χ : Gal(Qp/Qp)→ k×.
Then ρ is modular.
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A result of such form is known as a modularity lifting theorem, which says that if ρ is modular, then
any lift ρ of ρ satisfying necessary local condition is also modular. We note that since we work over Q,
the condition on the modularity of ρ follows from a deep theorem of Khare-Wintenberger [KW09b] and
Kisin [Kis09b]. Establishing a modularity lifting theorem comes down to proving that certain surjection
R˜∞ ։ T∞ of a patched global deformation ring R˜∞ onto a patched Hecke algebra ρ is an isomorphism
after inverting p, both of which acts on a patched module M˜∞ coming from applying Taylor-Wiles-Kisin
method to algebraic modular forms on a definite quaternion algebra.
A key ingredient in Kisin’s approach to the Fontaine-Mazur conjecture is a purely local statement,
known as the Breuil-Me´zard conjecture [BM02], which predicts that µGal, the Hilbert-Samuel multiplicity
of certain quotients of the framed deformation ring of ρ|Gal(Qp/Qp) parametrizing deformations subjected
to p-adic Hodge theoretical conditions modulo the maximal ideal of O, is equal to µAut, an invariant
which can be computed from the representation theory of GL2(Zp) over k. A refined version of this
conjecture replacing multiplicities with cycles is formulated by Emerton and Gee in [EG14].
In his work, Kisin establishes a connection between R˜∞[1/p] ∼= T∞[1/p] and the Breuil-Me´zard con-
jecture (when p > 2). He shows that R˜∞ ։ T∞ implies µGal ≥ µAut, with equality if and only if
R˜∞[1/p] ∼= T∞[1/p]. It follows that in each case where one can prove the reverse inequality, one would
simultaneously obtain both the Breuil-Me´zard conjecture and a modularity lifting theorem. A similar
argument when p = 2 was carried out in [Pasˇ16] using the results of Khare-Wintenberger [KW09b].
The key ingredient to prove the reverse inequality µGal ≤ µAut is the p-adic local Langlands correspon-
dence for GL2(Qp) due to Breuil, Berger, Colmez, Emerton, Kisin and Pasˇku¯nas. The correspondence
is given by Colmez’s Montreal functor in [Col10], which is an exact, covariant functor Vˇ sending certain
GL2(Qp)-representations on O-modules to finite O-modules with a continuous action of Gal(Qp/Qp).
Moreover, via reduction modulo p it is compatible with Breuil’s (semi-simple) mod p Langlands corre-
spondence in [Bre03].
By using p-adic local Langlands correspondence, [Kis09a] deduces the inequality µAut ≥ µGal (and thus
the Breuil-Me´zard conjecture) in the cases that p is odd and r (:= ρ|Gal(Qp/Qp)) is not (a twist of) an
extension of 1 by ω. Later on, a purely local proof of the Breuil-Me´zard conjecture for all continuous
representations r, which has only scalar endomorphisms and is not (a twist of) an extension of 1 by ω
if p = 2, 3, is given in [Pasˇ15, Pasˇ16] using the results in [Pasˇ13]. The cases that r is a direct sum of
two distinct characters whose ratio is not ω when p = 2, 3 are proved in [HT15, Pasˇ17] by a similar local
method. The combined work of Kisin, Hu-Tan and Pasˇku¯nas handle the Breuil-Me´zard conjecture in all
cases except when p = 2 or 3 and r ∼ ( ωχ ∗0 χ ).
In [Tun18], the author gives another proof of this theorem when p > 2. Instead of proving µAut ≥ µGal
(or the Breuil-Me´zard conjecture), we prove R˜∞[1/p] ∼= T∞[1/p] directly for automorphic forms on
definite unitary groups directly. As a result, the Breuil-Me´zard conjecture for 2-dimensional Galois
representations of Gal(Qp/Qp) follows by a similar equivalence in this setting due to [EG14], which is
new in the cases that p = 3 and r is a twist of the 1 by ω. As a result, the theorem is proved.
In this paper, we follow the strategy in [Tun18] to remove the restriction on ρ|Gal(Qp/Qp) when p = 2.
Here is our result:
Theorem A. Assume p = 2. Let ρ be as in the conjecture. Let ρ : Gal(Q/Q)→ GL2(k) be the reduction
of ρ modulo the maximal ideal of O. Assume furthermore that
• ρ|Gal(Qp/Qp) has distinct Hodge-Tate weights.
• ρ is modular.
• ρ has non-solvable image.
Then ρ is modular.
Indeed we prove the theorem in a more general context, i.e. F is a totally real field in which p splits
completely and ρ : Gal(F/F ) → GL2(O) (see theorem 8.0.3 for the precise statement). We explain our
method in more detail below.
Let p = 2, GQp = Gal(Qp/Qp) be the absolutely Galois group of the field of p-adic number Qp and
r : GQp → GL2(k) be a continuous representation. We denote the fixed determinant universal framed
deformation ring of r by Rp . It can be shown that r is isomorphic to the restriction to a decomposition
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group at p of a mod p Galois representation ρ associated to an algebraic modular form on some definite
quaternion algebra. By applying the Taylor-Wiles-Kisin patching method in [CEG+16] to algebraic
modular forms on a definite quaternion algebra, we construct an R∞-module M∞ equipped with a
commuting action of GL2(Qp), where R∞ is a complete local noetherian Rp -algebra with residue field
k. For simplicity, one may think of R∞ as R

p Jx1, · · · , xmK. In particular, there is no local deformation
condition at place p.
If y ∈ m-SpecR∞[1/p], then
Πy := Hom
cont
O (M∞ ⊗R∞,y Ey, E)
is an admissible unitary E-Banach space representation of G, where m-Spec(R∞[1/p]) is the set of
maximal ideals of R∞[1/p] and Ey is the residue field at y. Since Πy lies in the range of p-adic local
Langlands, we may apply the Colmez’s functor Vˇ to Πy and obtain a R∞-module Vˇ(Πy) equipped with
an action of GQp . On the other hand, the composition x : R

p → R∞ y−→ Ey defines a continuous Galois
representation rx : GQp → GL2(Ey). It is expected that the Banach space representation Πy depends
only on x (see [CEG+18]) and that it should be related to rx by the p-adic local Langlands correspondence
(see theorem C below).
Our patched module M∞ is related to Kisin’s M˜∞ as follows. The patching in Kisin’s paper is always
with fixed Hodge-Tate weights and a fixed inertial type. This information can be encoded by an irreducible
locally algebraic representation σ of GL2(Zp) over E. Let Rp (σ) be quotient of R

p parameterizing the
lifts of ρ of type σ. We define R∞(σ) = R∞⊗Rp Rp (σ) (which is Kisin’s patched global deformation ring
R˜∞ introduced before) andM∞(σ
◦) =M∞⊗ˆOJGL2(Zp)Kσ◦ with σ◦ a GL2(Zp)-stable O-lattice of σ. Then
M∞(σ
◦) is a finitely generated R∞-module with the action of R∞ factoring through R∞(σ). Moreover,
an argument using Auslander-Buchsbaum theorem shows that the support ofM∞(σ
◦) is equal to a union
of irreducible components of R∞(σ). It can be shown that Kisin’s patched module M˜∞ is isomorphic to
M∞(σ
◦). The main theorem in this paper is the following:
Theorem B. Every irreducible component of R˜∞ is contained in the support of M˜∞.
By the local-global compatibility for the patched module M∞, this amounts to showing that if rx is
de Rham with distinct Hodge-Tate weights, then (a subspace of) locally algebraic vectors in Πy can be
related to WD(rx) via the classical local Langlands correspondence, where WD(rx) is the Weil-Deligne
representation associated to rx defined by Fontaine.
One of the ingredients to show this is a result in [EP18], which implies that the action of R∞ on M∞
is faithful. Note that this does not imply that Πy 6= 0 since M∞ is not finitely generated over R∞.
In [Tun18], this problem has been overcome by applying Colmez’s functor Vˇ to M∞ and showing that
Vˇ(M∞) is a finitely generated R∞-module. Let us note that a similar finiteness result has been proved
in [Pan19] using results of [Pasˇ13]. Our proof is different since results of [Pasˇ13, Pasˇ16] are not available
when p = 2 and r has scalar semisimplification.
Since Vˇ(M∞) is a finitely generatedR∞-module, the specialization of Vˇ(M∞) at any y ∈ m-SpecR∞[1/p]
is non-zero by Nakayama’s lemma, which in turn implies that Πy is nonzero. Combining these and results
from p-adic local Langlands, we prove the following:
Theorem C. If rx is absolutely irreducible, then Vˇ(Πy) ∼= rx.
This shows that Kisin’s patched module M˜∞ is supported at every generic point whose associated local
Galois representation at place p is absolutely irreducible. So we only have to handle the reducible (thus
ordinary) locus, which can be shown to be modular by using an ordinary modularity lifting theorem
(c.f. [Ger10, All14b, Sas19, Sas17]). This finishes the proof of theorem B and gives a new proof of the
Breuil-Me´zard conjecture by the formalism in [Kis09a, GK14, EG14, Pasˇ15], which is new in the cases
that r is a twist of 1 by itself and p = 2. As a consequence, we prove new cases of Fontaine-Mazur
conjecture (i.e. theorem without the local restriction at p). We remark that by using the patching in
[Kis09a], our method applies to the case p > 2 without any change. We focus only on the case p = 2
since this is the only remaining case with a restriction on ρ|Gal(Qp/Qp).
The paper is organized as follows. We first recall some background knowledge and properties in section
1, 2 and 3 on representation theory, automorphic forms and Galois deformation theory respectively. In
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section 4, we introduce completed homology and construct the patched module. We relate our patched
module to the Breuil-Me´zard conjecture in section 5 and to the p-adic Langlands correspondence in
section 6 using a faithfulness result in [EP18]. In section 7, we construct some partially ordinary Galois
representations by an ordinary R = T theorem. In the last section, we put all these results together
and prove our main theorem, and use it to give a new proof of the Breuil-Me´zard conjecture and the
Fontaine-Mazur conjecture.
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Notations
We fix a prime p, and an algebraic closure Qp of Qp. Throughout the paper, we work with a finite
extension E/Qp in Qp, which will be our coefficient field. We write O for the ring of integers in E, ̟
for a uniformizer, k = O/̟ for the residue field. Furthermore, we will assume that E and k is sufficient
large in the sense that if we are working with representations of the absolute Galois group of a p-adic
field L, then the image of all embeddings L→ Qp are contained in E.
If F is a field with a fixed algebraic closure F , then we write GF = Gal(F/F ) for its absolutely
Galois group. We write ε : GF → Z×p for the p-adic cyclotomic character, and ω for the mod p cyclotomic
character. If F is a finite extension of Qp, we write IF for the inertia subgroup of GF , ̟F for a uniformizer
of the ring of integers OF of F and kF = OF /̟F its residual field.
If F is a number field and v is a place of F , we let Fv be the completion of F at v and AF its ring
of adeles. If S is a finite set of places of F , we let ASF denote the resticted tensor product
∏′
v/∈S Fv. In
particular, A∞F denotes the ring of finite adeles. For each finite place v of F , we will denote by qv the
order of residue field at v, and by ̟v ∈ Fv a uniformizer and Frobv an arithmetic Frobenius element of
GFv .
We let
ArtF =
∏
v
ArtFv : A
×
F /F
×(F×∞)◦
∼−→ GabF
be the global Artin map, where the local Artin map ArtFv : F
×
v →W abFv is the isomorphism provided by
local class field theory, which sends our fixed uniformizer to a geometric Frobenius element.
We will consider locally algebraic character ψ : A×F /F
×(F×∞)◦ → O× in the sense that there exists
an open compact subgroup U of (A∞F )
× such that ψ(u) =
∏
v|pNv(uv)
tv for u ∈ U , where uv is the
projection of u to the place v, Nv the local norm, and tv an integer. When F×(F
×
∞) lies in the kernel of
ψ, we consider ψ as a character ψ : (A∞F )
×/F× → O×, whose corresponding Galois character is totally
even.
Let W be a de Rham representation of GQp over E. We will write HT(W ) for the set of Hodge-Tate
weights of W normalized by HT(ε) = {−1}. We say that W is regular if HT(W ) are pairwise distinct.
Let Z2+ denote the set of tuples (λ1, λ2) of integers with λ1 ≥ λ2. If W be a 2-dimensional de Rham
representation which is regular, then there is a λ = (λ1, λ2) ∈ Z2+ such that HT(W ) = {λ2, λ1 + 1}, and
we say that W is regular of weight λ.
For any λ ∈ Z2+, we write Ξλ = Symλ1−λ2 ⊗ detλ2 for the algebraic Zp-representation of GL2 with
highest weight λ and Mλ for the O-representation of GL2(OQp) obtained by evaluating Ξλ on Zp.
An inertial type is a representation τ : IQp → GL2(Qp) with open kernel which extends to the Weil
group WQp . We say a de Rham representation ρ : GQp → GL2(E) has inertial type τ if the restriction
to IQp of the Weil-Deligne representation WD(ρ) associated to ρ is equivalent to τ . Given an inertia
type τ , by a result of Henniart in the appendix of [BM02], there is a (unique if p > 2) finite dimensional
smooth irreducible Qp-representation σ(τ)
(
resp. σcr(τ)
)
of GL2(Zp), such that for any infinite dimen-
sional smooth absolutely irreducible representation π of G and the associated Weil-Deligne representation
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LL(π) attached to π via the classical local Langlands correspondence, we have HomK(σ(τ), π) 6= 0 (resp.
HomK(σ
cr(τ), π) 6= 0) if and only if LL(π)|IQp ∼= τ (resp. LL(π)|IQp ∼= τ and the monodromy operator N
is trivial). Enlarging E if needed, we may assume σ(τ) is defined over E.
If L be a finite extension of Qp, we let rec for the local Langlands correspondence for GL2(L), as
defined in [BH06, HT01]. By definition, it is a bijection between the set of isomorphism classes of
irreducible admissible representation of GL2(L) over C, and the set of Frobenius semi-simple Weil-Deligne
representation of WL over C. Fix once and for all an isomorphism ι : Qp
∼−→ C. We define the local
Langlands correspondence recp over Qp by ι ◦ recp = rec ◦ι, which depends only on ι−1(√p). If we set
rp(π) := recp(π ⊗ | det |−1/2), then rp is independent of the choice of ι. Furthermore, if V is a Frobenius
semi-simple Weil-Deligne representation Weil-Deligne representation of WL over E, then r
−1
p (V ) is also
defined over E.
If r : GQp → GL2(E) is de Rham of regular weight λ, then we write πalg(r) = Mλ ⊗O E, πsm(r) =
r−1p (WD(rx)
F−ss) and πl.alg(r) = πalg(r)⊗ πsm(r), all of which are E-representations of GL2(Qp).
Recall that a linearly topological O-module is a topological O-module which has a fundamental system
of open neighborhoods of the identity which are O-submodules. If A is a linear topological O-module, we
write A∨ for its Pontryagin dual HomcontO (A,E/O), where E/O has the discrete topology, and we give
A∨ the compact open topology. We write Ad for the Schikhof dual HomcontO (A,O), which induces an anti-
equivalence of categories between the category of compact, O-torsion free linear-topological O-modules
A and the category of ̟-adically complete separated O-torsion free O-modules. A quasi-inverse is given
by B 7→ Bd := HomO(B,O), where the target is given the weak topology of pointwise convergence. Note
that if A is an O-torsion free profinite linearly topological O-module, then Ad is the unit ball in the
E-Banach space HomO(A,E).
For R a Noetherian local ring with maximal ideal m and M a finite R-module, let e(M,R) denote the
Hilbert-Samuel multiplicity of M with respect to m. We abbreiviate e(R,R) for e(R).
For R a Noetherian ring and M a finite R-module of dimension at most d., let ℓRp(Mp) denote the
length of the Rp-module Mp, and let Z(M) =
∑
p ℓRp(Mp)p for all p ∈ SpecR such that dimR/p = d.
If M and N are finitely generated R- and S-module of dimension at most d and e respectively, then the
complete tensor product M⊗ˆkN is of dimension d+ e. We define Zd(M)×k Ze(N) by Zd+e(M⊗ˆkN).
Let (A,m) be a complete local O-algebra with maximal ideal m and residue field k = A/m, we will
denote CNLA the category of complete local A-algebra with residue field k.
1. Preliminaries in representation theory
1.1. Generalities. Let G be a p-adic analytic group, K be a compact open subgroup of G, and Z be
the center of G.
Let (A,mA) ∈ CNLO. We denote by ModG(A) the category of A[G]-modules and by ModsmG (A) the
full subcategory with objects V such that
V = ∪H,nV H [mn],
where the union is taken over all open subgroups of G and integers n ≥ 1 and V [mn] denotes elements
of V killed by all elements of mn. Let Modl.finG (A) be the full subcategory of Mod
sm
G (A) with objects
smooth G-representation which are locally of finite length, this means for every v ∈ V , the smallest
A[G]-submodule of V containing v is of finite length.
An object V of ModsmG (A) is called admissible if V
H [mi] if a finitely generated A-module for every
open subgroup H of G and every i ≥ 1; V is called locally admissible if for every v ∈ V the smallest
A[G]-submodule of V containing v is admissible. Let Modl.admG (A) be the full subcategory of Mod
sm
G (A)
consisting of locally admissible representations.
For a continuous character ζ : Z → A×, adding the subscript ζ in any of the above categories indicates
the corresponding full subcategory of G-representations with central character ζ. These categories are
abelian and are closed under direct sums, direct limits and subquotients. It follows from [Eme10a,
Theorem 2.3.8] that if G = GL2(Qp) or G is a torus then Mod
l.fin
G,ζ (A) = Mod
l.adm
G,ζ (A).
Let H be a compact open subgroup of G and AJHK the complete group algebra of H . Let ModproG (A)
be the category of profinite linearly topological AJHK-modules with an action of A[G] such that the two
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actions are the same when restricted to A[H ] with morphisms G-equivariant continuous homomorphisms
of topologicalAJHK-modules. The definition does not depend onH since any two compact open subgroups
of G are commensurable. By [Eme10a, Lemma 2.2.7], this category is anti-equivalent to ModsmG (A) under
the Pontryagin dual V 7→ V ∨ := HomO(V,E/O) with the former being equipped with the discrete
topology and the latter with the compact-open topology. We denote CG,ζ(A) the full subcategory of
ModproG (A) anti-equivalent to Mod
l.fin
G,ζ (A).
An E-Banach space representation Π of G is an E-Banach space Π together with a G-action by
continuous linear automorphisms such that the inducing map G×Π→ Π is continuous. A Banach space
representation Π is called unitary if there is a G-invariant norm defining the topology on Π, which is
equivalent to the existence of an open bounded G-invariant O-lattice Θ in Π. An unitary E-Banach space
representation is admissible if Θ⊗Ok is an admissible smooth representation of G, which is independent of
the choice of Θ. We denote BanadmG,ζ (E) the category of admissible unitary E-Banach space representations
on which Z acts by ζ.
1.2. Representations of GL2(Qp). Let G = GL2(Qp), K = GL2(Zp) and B be the upper triangular
Borel. We recall the classification of the absolutely irreducible smooth k-representations of G with a
central character.
By a Serre weight we mean an absolutely irreducible representation of K on an k-vector space. It is
of the form σa := Sym
a1−a2 k2 ⊗ deta2 for a unique a = (a1, a2) ∈ Z2 with a1 − a2 ∈ {0, . . . , p− 1} and
a2 ∈ {0, . . . p− 2}. We call such pairs a Serre weights also.
Let σ be a Serre weight. There exists an isomorphism of algebras
EndG(c-Ind
G
K σ)
∼= k[T, S±1]
for certain Hecke operators T, S ∈ EndG(c-Indσ). It follows from [BL94, Theorem 33] and [Bre03,
Theorem 1.6] that the absolutely irreducible smooth k-representations of G with a central character fall
into four disjoint classes:
• characters η ◦ det;
• special series Sp⊗η ◦ det;
• principal series IndGB(χ1 ⊗ χ2), with χ1 6= χ2;
• supersingular c-IndGK(σ)/(T, S − λ), with λ ∈ k×,
where the Steinberg representation Sp is defined by the exact sequence
0→ 1→ IndGB 1→ Sp→ 0.
1.2.1. Blocks. Let IrrG,ζ be the set of equivalent classes of smooth irreducible k-representations of G
with central character ζ. We write π ↔ π′ if π ∼= π′ or Ext1G,ζ(π, π′) 6= 0 or Ext1G,ζ(π′, π) 6= 0, where
Ext1G,ζ(π, π
′) is the extension group of π′ by π in Modl.admG (k). We write π ∼ π′ if there exists π1, · · · , πn ∈
IrrG,ζ such that π ∼= π1, π′ ∼= πn and πi ↔ πi+1 for 1 ≤ i ≤ n − 1. The relation ∼ is an equivalence
relation on IrrG,ζ. A block is an equivalence class of ∼. The classification of blocks can be found in
[Pasˇ14, Corollary 1.2]. Moreover, by [Pasˇ13, Proposition 5.34], the category Modl.finG,ζ (O) decomposes into
a direct product of subcategories
Modl.finG,ζ (O) ∼=
∏
B
Modl.finG,ζ (O)B
where the product is taken over all the blocks B and the objects of Modl.finG,ζ (O)B are representations
with all the irreducible subquotients lying in B. Dually we obtain
CG,ζ(O) ∼=
∏
B
CG,ζ(O)B
with CG,ζ(O)B are representations with all the dual of irreducible subquotients lying in B.
6
1.2.2. Colmez’s Montreal functor. Let ModfinG,Z(O) be the full subcategory of ModsmG (O) consisting of
representations of finite length with a central character. Let ModfinGQp (O) be the category of continuous
GQp -representations on O-modules of finite length with the discrete topology.
In [Col10], Colmez has defined an exact and covariant functor V : ModfinG,Z(O) → ModfinGQp (O). If
ψ : Q×p → O× is a continuous character, then we may also consider it as a continuous character ψ :
GQp → O× via class field theory and for all π ∈ ModfinG,Z(O) we have V(π ⊗ ψ ◦ det) ∼= V(π) ⊗ ψ.
Moreover we have:
V(1) = 0, V(Sp) = ω, V(IndGB χ1 ⊗ χ2ω−1) = χ2,
V(c-IndGK(Sym
r k2)/(T, S)) ∼= indωr+12 ,
where ω is the mod p cyclotomic character, ω2 : IQp → k× is Serre’s fundamental character of level 2, and
indωr+12 is the unique irreducible representation of GQp of determinant ω
r and such that indωr+12 |IQp ∼=
ωr+12 ⊕ ωp(r+1)2 for 0 ≤ r ≤ p− 1.
Let RepGQp (O) be the category of continuous GQp -representations on compact O-modules. Following
[Pasˇ15, Section 3], we define an exact covariant functor Vˇ : CG,ζ(O) → RepGQp (O) as follows: Let M
be in CG,ζ(O), if it is of finite length, we define Vˇ(M) := V(M∨)∨(εζ) where ∨ denotes the Pontryagin
dual. For general M ∈ CG,ζ(O), write M ∼= lim←−Mi, with Mi of finite length in CG,ζ(O) and define
Vˇ(M) := lim←− Vˇ(Mi). With this normalization of Vˇ we have
Vˇ(1) = 0, Vˇ((Sp⊗η ◦ det)∨) = η, Vˇ((IndGB χ1 ⊗ χ2ω−1)∨) = χ1, Vˇ(π∨) = V(π),
where π is a supersingular representation.
Let Π ∈ BanadmG,ζ (E), we define Vˇ(Π) = Vˇ(Θd)⊗O E with Θ any open bounded G-invariant O-lattice
in Π, so that Vˇ is exact and contravariant on BanadmG,ζ (E) and Vˇ(Π) does not depend on the choice of Θ.
1.2.3. Extension Computations when p = 2. We assume p = 2 and ζ = 1 in this subsection. We write
Ext1G/Z for Ext
1
G,1.
Lemma 1.2.1. We have dimk Ext
1
G/Z(Sp,1) = 1. In particular, the unique non-split extension of Sp by
1 is IndGB 1.
Proof. We first note that dimk Ext
1
G/Z(Ind
G
B 1,1) = 1 [Eme10b, Theorem 4.3.13 (2)]. Applying HomG(−,1)
to the short exact sequence
0→ 1→ IndGB 1→ Sp→ 0,
we obtain the following long exact sequence
0→ HomG(1,1)→ Ext1G/Z(Sp,1)→ Ext1G/Z(IndGB 1,1) f−→ Ext1G/Z(1,1).
It follows that dimk Ext
1
G/Z(Sp,1) = 2 if the map f is the zero map and dimk Ext
1
G/Z(Sp,1) = 1 if f is
nonzero.
On the other hand, consider the spectral sequence coming from the pro-p Iwahori invariant functor I
0→ Ext1H(I(IndGB 1), I(1))→ Ext1G/Z(IndGB 1,1)→ HomH(I(IndGB 1),R1I(1)),
where H is the pro-p Iwahori Hecke algebra (same as the Iwahori Hecke algebra since Iwahori subgroups
are pro-p when p = 2) and I is the pro-p Iwahori invariant functor. We claim that Ext1H(I(IndGB 1), I(1))
is nonzero.
If the claim holds, by applying HomH(−, I(1)) to the short exact sequence
0→ I(1)→ I(IndGB 1)→ I(Sp)→ 0,
we have the following exact sequence
0→ HomH(I(1), I(1))→ Ext1H(I(Sp), I(1))→ Ext1H(I(IndGB 1), I(1))→ Ext1H(I(1), I(1)).
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Since dimExt1H(I(Sp), I(1)) = 1 by [Pasˇ10, Lemma 11.3], we see that the last map is an injection. It
follows that any nonzero element in Ext1H(I(IndGB 1), I(1)) would give an element of Ext1G/Z(IndGB 1,1)
whose image under f is nonzero by the following commutative diagram
Ext1H(I(IndGB 1), I(1)) Ext1H(I(1), I(1))
Ext1G/Z(Ind
G
B 1,1) Ext
1
G/Z(1,1)
f
coming from the injections 1→ IndGB 1, I(1)→ I(IndGB 1) and the pro-p Iwahori invariant functor. This
proves the lemma.
To prove the claim, we construct a non-trivial extension of I(IndGB 1) by I(1) explicitly. Note that H
is the k-algebra with two generators T, S satisfying two relations T 2 = 1 and (S + 1)S = 0 (c.f. [Vig04,
Section 1.1]), I(1) is the simple (right)H-module given by vT = v; vS = 0, I(Sp) is the simple H-module
given by vT = v; vS = v and I(IndGB 1) is the H-module given by v1T = v1; v2T = v2; v1S = 0; v2S =
v1+v2. Since the unique non-split extension of I(1) by itself is given by v1T = v1; v2T = v1+v2; v1S =
0; v2S = 0 (note that 2 = 0 in k), it follows that
v1T = v1 v2T = v1 + v2 v3T = v3;
v1S = 0 v2S = 0 v3S = v2 + v3
gives a desired non-trivial element in Ext1H(I(IndGB 1), I(1)). 
By [Eme10b, Proposition 4.3.21, Proposition 4.3.22], [Col10, Proposition VII.4.18] and the above
lemma, we have the following table for dimk Ext
1
G/Z(π
′, π):
π′\π 1 Sp
1 3 3
Sp 1 3
Lemma 1.2.2. (i) dimk Ext
1
G/Z(Ind
G
B 1, Sp) = 3.
(ii) The natural map Ext1G/Z(Sp, Sp)→ Ext1G/Z(IndGB 1, Sp) is a bijection.
Proof. The first assertion is due to [Eme10b, Theorem 4.3.12 (2)]. To show the second assertion, consider
the exact sequence
0→ Ext1G/Z(Sp, Sp)→ Ext1G/Z(IndGB 1, Sp)→ Ext1G/Z(1, Sp).
coming from applying HomG(−, Sp) to the short exact sequence 0→ 1→ IndGB 1→ Sp→ 0. Since both
Ext1G/Z(Sp, Sp) and Ext
1
G/Z(Ind
G
B 1, Sp) are 3-dimensional by the table above and (1), we see that the
first map is a bijection (and the second map is identical zero). 
Proposition 1.2.3. Let N be a smooth G-representation of finite length over k whose Jordan-Holder fac-
tors are all 1 and let E be an extension of N by Sp with socle Sp. Then the natural map Ext1G/Z(Sp, Sp)→
Ext1G/Z(Sp, E) is a bijection.
Proof. We first note that when N = 1, E ∼= Eτ for some τ ∈ Hom(Q×p , k) constructed in [Col10, Propo-
sition VII.4] and the natural map Ext1G/Z(1, Eτ ) → Ext1G/Z(1,1) is identical zero [Col10, Proposition
VII.5.4]. It follows that N can’t contain any non-split extension of 1 by itself. Thus we may reduce to
the case N = 1 and the assertion is equivalent to showing that the second map in the following exact
sequence
0→ Ext1G/Z(Sp, Sp)→ Ext1G/Z(Sp, E)→ Ext1G/Z(Sp,1)
is zero. Suppose this is not the case, then there is an extension E′ of Sp by E with socle Sp such that
E′/ Sp ∼= IndGB 1 (IndGB 1 is the unique non-split extension of Sp by 1 by lemma 1.2.1). It follows that
E′ would give an element of Ext1G/Z(Ind
G
B 1, Sp) whose image in Ext
1
G/Z(1, Sp) is nonzero. On the other
hand, lemma 1.2.2 (2) says that the map Ext1G/Z(Ind
G
B 1, Sp) → Ext1G/Z(1, Sp) is identical zero, which
gives a contradiction. This finishes the proof. 
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Proposition 1.2.4. The map Ext1G/Z(Sp, Sp)→ Ext1GQp (1,1) induced by Colmez’s functor Vˇ is a bijec-
tion.
Proof. For τ ∈ Hom(Q×p , k), we denote Yτ the extension of 1 by itself given by τ (as B-representation).
Note that IndGB Yτ is an extension of Ind
G
B 1 by itself. It is shown in [Col10, Proposition VII.4.12] that
the map Hom(Q×p , k) → Ext1GQp (1,1) induced by τ 7→ Vˇ(Ind
G
B Yτ ) is a bijection. By lemma 1.2.2 (2),
the map Ext1G/Z(Sp, Sp) → Ext1G/Z(IndGB 1, Sp) is a bijection. Composing its inverse with the map
Ext1G/Z(Ind
G
B 1, Ind
G
B 1)→ Ext1G/Z(IndGB 1, Sp), we obtain the following diagram
Hom(Q×p , k) Ext
1
G/Z(Ind
G
B 1, Ind
G
B 1) Ext
1
GQp
(1,1)
Ext1G/Z(Sp, Sp) Ext
1
GQp
(1,1).
Note that the right square is commutative since there is no extension of IndGB 1 by Sp with socle Sp (by the
bijectivity of Ext1G/Z(Sp, Sp) → Ext1G/Z(IndGB 1, Sp)). It follows that the lower map Ext1G/Z(Sp, Sp) →
Ext1GQp (1,1) is a bijection since both Hom(Q
×
p , k) and Ext
1
G/Z(Sp, Sp) are 3-dimensional over k. This
proves the lemma. 
1.3. Extensions and Colmez’s functor.
Lemma 1.3.1. Let p = 2. If π, π′ ∈ Modl.finG,ζ (O)B be of finite length such that πSL2(Qp) = 0 and π′
irreducible non-character, then Vˇ induces:
HomG(π
′, π) ∼= HomGQp
(
Vˇ(π∨), Vˇ(π′∨)
)
,
Ext1G,ζ(π
′, π) →֒ Ext1GQp
(
Vˇ(π∨), Vˇ(π′∨)
)
.
Proof. The argument in the proof of [Pasˇ10, Lemma A1] reduces the assertion to the case that Vˇ(π∨) is
irreducible. We include the argument there for the sake of completeness. We argue by induction on the
length l of Vˇ(π∨). Assume that l > 1, then there exists an exact sequence
(1.3.1) 0→ π1 → π → π2 → 0
with π
SL2(Qp)
1 = π
SL2(Qp)
2 = 0. Since Vˇ is exact, it induces an exact sequence
(1.3.2) 0→ Vˇ(π∨2 )→ Vˇ(π∨)→ Vˇ(π∨1 )→ 0.
Applying HomG(Sp,−) to (1.3.1) and HomGQp (−, Vˇ(Sp∨)) to (1.3.2), we obtain two long exact sequences,
and a map between then induced by Vˇ. With the obvious notation, we get a commutative diagram
0 A0 B0 C0 A1 B1 C1
0 A0 B0 C0 A1 B1 C1.
By induction hypothesis, the first and third vertical maps are bijections, and the fourth and sixth vertical
maps are injections. This implies that the second vertical map is an bijection and the fifth vertical map
is an injection.
The case l = 1 is a consequence of [Pasˇ16, Proposition 2.14] for supersigular blocks and dealt in
[Col10, Theorem VII.4.7, Proposition VII.4.13] for principal series blocks. Thus the only remaining case
is B = {1, Sp} ⊗ δ ◦ det, where δ : Q×p → k× is a smooth character. Without loss of generality we
may assume that δ = 1. In this case, note that l = 1 implies that π is of the form EN for some N in
proposition 1.2.3. Thus the assertion follows from proposition 1.2.3 and proposition 1.2.4. 
Proposition 1.3.2. If π ∈Modl.finG,ζ (k) is admissible, then Vˇ(π∨) is finitely generated as kJGQpK-module.
Proof. This follows from [Tun18, Proposition 2.2] and lemma 1.3.1. 
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2. Automorphic forms on GL2(AF )
In this section we define the class of automorphic representations whose associated Galois representa-
tions we wish to study. Throughout this section, we let F be a totally real field and fix an isomorphism
ι : Qp ∼= C.
If λ = (λκ)κ:F→C ∈ (Z2+)Hom(F,C), let Ξλ denote the irreducible algebraic representation of (GL2)Hom(F,C)
which is the tensor product over κ ∈ Hom(F,C) of irreducible representations of GL2 with highest weight
λκ. We say that λ ∈ (Z2+)Hom(F,C) is an algebraic weight if it satisfies the parity condition, i.e. λκ,1+λκ,2
is independent of κ.
Definition 2.0.1. We say that a cuspidal automorphic representation π of GL2(AF ) is regular algebraic
if the infinitesimal character of π∞ has the same infinitesimal character as Ξ
∨
λ for an algebraic weight λ.
Let π be a regular algebraic cuspidal automorphic representation of GL2(AF ) of weight λ. For any
place v|p of F and any integer a ≥ 1, let Iwv(a, a) denote the subgroup of GL2(OFv ) of matrices that
reduce to an upper triangular matrix modulo ̟av . We define the Hecke operator
U̟v =
[
Iwv(a, a)
(
̟v 0
0 1
)
Iwv(a, a)
]
and the modified Hecke operator
Uλ,̟v =
( ∏
κ:Fv →֒Qp
κ(̟v)
−λικ,2
)
U̟v .
Definition 2.0.2. Let v be a place of F above p. We say that π is ι-ordinary at v, if there is an integer
a ≥ 1 and a nonzero vector in (ι−1πv)Iwv(a,a) that is an eigenvector for Uλ,̟v with an eigenvalue which
is a p-adic unit. This definition does not depend on the choice of ̟v.
The following theorem is due to the work of many people. We refer the reader to [Car86] and [Tay89]
for the existance of Galois representations, to [Car86] for part (2) when v ∤ p, to [Sai09] for part (1) and
part (2) when v|p, and to [Hid89a, Wil88] for part (3).
Theorem 2.0.3. Let π be a regular algebraic cuspidal automorphic representation of GL2(AF ) of weight
λ. Fix an isomorphism ι : Qp → C. Then there exists a continuous semi-simple representation
ρπ,ι : GF → GL2(Qp)
satisfying the following conditions:
(1) For each place v|p of F , ρπ,ι|GFv is de Rham, and for each embedding κ : F → Qp, we have
HTκ(ρπ,ι|GFv ) = {λικ,2, λικ,1 + 1}.
(2) For each finite place v of F , we have WD(ρπ,ι|GFv )F−ss ∼= rp(ι−1πv).
(3) If π is ι-ordinary at v|p, then there is an isomorphism
ρ|GFv ∼
(
ψv,1 ∗
0 ψv,2
)
,
where for i = 1, 2, ψv,i : GFv → Q
×
p is a continuous character satisfying
ψv,i(ArtFv (σ)) =
∏
κ:Fv →֒Qp
κ(σ)−(λικ,3−i+i−1)
for all σ in some open subgroup of O×Fv .
These conditions characterize ρπ,ι uniquely up to isomorphism.
Definition 2.0.4. We call a Galois representation ρ : GF → GL2(Qp) automorphic of weight ι∗λ =
(λι−1κ,1, λι−1κ,2) ∈ (Z2+)Hom(F,Qp) if there exists a regular algebraic cuspidal automorphic representation
of GL2(AF ) of weight λ := (λκ,1, λκ,2) ∈ (Z2+)Hom(F,C) such that ρ ∼= ρπ,ι. Moreover, if π is ι-ordinary at
a place v|p then we say ρ is ι-ordinary at v.
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3. Galois deformation theory
3.1. Global deformation problems. Let F be a number field and p be a prime. We fix a continuous
absolutely irreducible ρ : GF → GL2(k) and a continuous character ψ : GF → O× such that ψε lifts
det ρ. We fix a finite set S of places of F containing those above p,∞ and the places at which ρ and ψ
are ramified. For each v ∈ S, we fix a ring Λv ∈ CNLO and define ΛS = ⊗ˆv∈S,OΛv ∈ CNLO.
For each v ∈ S, we denote ρ|GFv by ρv and write Dv : CNLΛv → Sets (resp. D,ψv : CNLΛv → Sets)
for the functor associates R ∈ CNLΛv the set of all continuous homomorphisms r : GFv → GL2(R) such
that r mod mR = ρv (resp. and det r agrees with the composition GFv → O× → R× given by ψε|GFv ),
which is represented by an object Rv ∈ CNLΛv (resp. R,ψv ∈ CNLΛv ).
Definition 3.1.1. Let v ∈ S, a local deformation problem for ρv is a subfunctor Dv ⊂ Dv satisfying the
following conditions:
• Dv is represented by a quotient Rv of Rv .
• For all R ∈ CNLΛv , a ∈ ker(GL2(R)→ GL2(k)) and r ∈ Dv(R), we have ara−1 ∈ Dv(R).
We will write ρv : GFv → GL2(Rv ) for the universal lifting of ρv.
Definition 3.1.2. A global deformation problem is a tuple
S = (ρ, S, {Λv}v∈S, {Dv}v∈S)
where
• The object ρ, S and {Λv}v∈S are defined at the beginning of this section.
• For each v ∈ S, Dv is a local deformation problem for ρv.
Definition 3.1.3. Let S = (ρ, S, {Λv}v∈S, {Dv}v∈S) be a global deformation problem. Let R ∈ CNLΛS ,
and let ρ : GF → GL2(R) be a lifting of ρ. We say that ρ is of type S if it satisfies the following conditions:
(1) ρ is unramified outside S.
(2) For each v ∈ S, ρv := ρ|GFv is in Dv(R), where R has a natural Λv-algebra structure via the
homomorphism Λv → ΛS .
We say that two liftings ρ1, ρ2 : GF → GL2(R) are strictly equivalent if there exists a ∈ ker(GL2(R)→
GL2(k)) such that ρ2 = aρ1a
−1. It’s easy to see that strictly equivalence preserves the property of being
type S.
We write DS for the functor CNLΛS → Sets which associates to R ∈ CNLΛS the set of liftings
ρ : GF → GL2(R) which are of type S, and write DS for the functor CNLΛS → Sets which associates to
R ∈ CNLΛS the set of strictly equivalence classes of liftings of type S.
Definition 3.1.4. If T ⊂ S and R ∈ CNLΛS , then a T -framed lifting of ρ to R is a tuple (ρ, {αv}v∈T ),
where ρ is a lifting of ρ, and for each v ∈ T , αv is an element of ker(GL2(R)→ GL2(k)). Two T -framed
liftings (ρ, {αv}v∈T ) and (ρ′, {α′v}v∈T ) are strictly equivalent if there is an element a ∈ ker(GL2(R) →
GL2(k)) such that ρ
′ = aρa−1 and α′v = aαv for each v ∈ T .
We write DTS for the functor CNLΛS → Sets which associates to R ∈ CNLΛS the set of strictly
equivalence classes of T -framed liftings (ρ, {αv}v∈T ) to R such that ρ is of type S. Similarly, we may
consider liftings of type S with determinant ψε, which we denote the corresponding functor by DψS , D,ψS
and DT,ψS .
Theorem 3.1.5. Let S = (ρ, S, {Λv}v∈S, {Dv}v∈S) be a global deformation problem. Then the func-
tor DS , DS , DTS , DψS , D,ψS and DT,ψS are represented by objects RS , RS , RTS , RψS , R,ψS and RT,ψS ,
respectively, of CNLΛS .
Proof. For DS , this is due to [Gou01, Theorem 9.1]. The representability of the functors DS , DTS , DψS ,
D,ψS and DT,ψS can be deduced easily from this. 
Lemma 3.1.6. Let S be a global deformation problem, and let ρS : GF → GL2(RS) be the universal
solution of deformations of type S. Choose v0 ∈ T , and let T = OJXv,i,jKv∈T,1≤i,j≤2/(Xv0,1,1). There is
a canonical isomorphism RTS
∼= RS⊗ˆOT .
11
Proof. Note that the centralizer in id2+M2(mRS ) of ρS is the scalar matrices, Thus the T -framed lifting
over RS⊗ˆOT given by the tuple (ρS , {id2 + (Xv,i,j)}v∈T ) is a universal framed deformation of r over
RS⊗ˆOT . This shows that the induced map RTS → RS⊗ˆOT is an isomorphism. 
Let S = (ρ, S, {Λv}v∈S , {Dv}v∈S) be a global deformation problem and denote Rv ∈ CNLΛv the
representing object of Dv for each v ∈ S. We write ATS = ⊗ˆv∈T,ORv for the complete tensor product
of Rv over O for each v ∈ T , which has a canonical ΛT := ⊗ˆv∈T,OΛv algebra structure. The natural
transformation (ρ, {αv}v∈T ) 7→ (α−1v ρ|GFvαv)v∈T induces a canonical homomorphism of ΛT -algebras
ATS → RTS . Moreover, lemma 3.1.6 allows us to consider RS as an ATS algebra via the map ATS → RTS ։
RS .
Proposition 3.1.7. Let S be a global deformation problem as before and F ′ be a finite Galois extension
of F . Suppose that
• EndGF ′ (ρ) = k.
• S ′ = (ρ|GF ′ , S′, {Λw}v∈S′ , {Dw}w∈S′) is a deformation problem where
– S′ is the set of places of F ′ above S;
– T ′ is the set of places of F ′ above T ;
– for each w|v, Λw = Λv and Dw is a local deformation problem equipped with a natural map
Rw → Rv induced by restricting deformations of ρv to GF ′w .
Then the natural map RT
′,ψ
S′ → RT,ψS induced by restricting deformations of ρ to GF ′ , make RT,ψS into a
finitely generated RT
′,ψ
S′ -module.
Proof. Let m′ be the maximal ideal of RT
′,ψ
S′ . It follows from [KW09a, Lemma 3.6] and Nakayama’s
lemma that it is enough to show the image of GF,S → GL2(RT,ψS )→ GL2(RT,ψS /m′RT,ψS ) is finite. Since
GF ′,S′ is of finite index in GF,S and it gets mapped to the finite subgroup ρ(GF ′,S′), we are done. 
3.2. Local deformation problems. In this section, we define some local deformation problems we will
use later.
3.2.1. Ordinary deformations. In this section we define ordinary deformations following [All14b, Section
1.4].
Suppose that v|p and that E contains the image of all embeddings Fv →֒ Qp. We will assume throughout
this subsection that there is some line L in ρv that is stable by the action of GFv . Let η denote the
character of GFv giving the action on L. Note that the choice of η is unique unless ρv is the direct sum
of two distinct characters. In this case we simply make a choice of one of these characters.
We write O×Fv (p) for the maximal pro-p quotient of O×Fv . Set Λv = OJO×Fv (p)K and write ψuniv : GFv →
Λ×v for the universal character lifting ψ. Note that ArtFv restricts to an isomorphism O×Fv ∼= IabFv , where
IabFv is the inertial subgroup of the maximal abelian extension of Fv.
Let P1 be the projective line over O. We denote L∆ the subfunctor of P1×OSpecR,ψv , whose A-points
for any O-algebra A consist of an O-algebra homomorphism R,ψv → A and a line L ∈ P1(A) such that
the filtration is preserved by the action of GFv on A
2 induced from ρv and such that the action of GFv on
L is given by pushing forward ψuniv. This subfunctor is represented by a closed subscheme (c.f. [All14b,
Lemma 1.4.2]), which we denote by L∆ also. We define R∆v to be the maximal reduced, O-torsion free
quotient of the image of the map R,ψv → H0(L∆,OL∆).
Proposition 3.2.1. The ring R∆v defines a local deformation problem. Moreover,
(1) An O-algebra homomorphism x : R,ψv → Qp factors through R∆v if and only if the corresponding
Galois representation is GL2(Qp)-conjugate to a representation(
ψ1 ∗
0 ψ2
)
where ψ1|GFv = x ◦ ψuniv.
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(2) Assume the image of ρ¯|GFv is either trivial or has order p, and that if p = 2, then either Fv
contains a primitive fourth roots of unity or [Fv : Q2] ≥ 3. Then for each minimal prime
Qv ⊂ Λv, R∆v /Qv is an integral domain of relative dimension 3 + 2[Fv : Qp] over O, and its
generic point is of characteristic 0.
Proof. The first assertion follows from [All14b, Proposition 1.4.4] and the second assertion is due to
[All14b, Proposition 1.4.12]. 
We define D∆v to be the local deformation problem represented by R∆v .
3.2.2. Potentially semi-stable deformations. Suppose that v|p and that E contains the image of all em-
beddings Fv →֒ Qp. Let Λv = O.
Proposition 3.2.2. For each λv ∈ (Z2+)Hom(Fv ,E) and inertial type τv : Iv → GL2(E), there is a unique
(possibly trivial) quotient Rλv ,τvv (resp. R
λv,τv,cr
v ) of the universal lifting ring R
,ψ
v with the following
properties:
(1) Rλv ,τvv (resp. R
λv,τv,cr
v ) is reduced and p-torsion free, and all the irreducible components of
Rλv ,τvv [1/p] (resp. R
λv ,τv,cr
v [1/p]) is formally smooth and of relative dimension 3 + [Fv : Qp]
over O.
(2) If E′/E is a finite extension, then an O-algebra homomorphism R,ψv → E′ factors through
Rλv ,τvv (resp. R
λv ,τv,cr
v ) if and only if the corresponding Galois representation GFv → GL2(E′) is
potentially semi-stable (resp. potentially crystalline) of weight λ and inertial type τ .
(3) Rλv ,τvv /̟ (resp. R
λv ,τv,cr
v /̟) is equidimensional.
Proof. This is due to [Kis08] (see also [All14a, Corollary 1.3.5]). 
In the case that Rλv,τvv 6= 0 (resp. Rλv ,τv,crv 6= 0), we define Dλv ,τv,ssv (resp. Dλv ,τv,crv ) to be the local
deformation problem represented by Rλv ,τvv (resp. R
λv ,τv,cr
v ).
3.2.3. Fixed weight potentially semi-stable deformations. For λv ∈ (Z2+)Hom(Fv ,E), we define characters
ψλvi : IFv → O× for i = 1, 2 by
ψλvi : σ 7→ ε(σ)−(i−1)
∏
κv :Fv →֒E
κv(Art
−1
Fv
(σ))−λκv ,3−i .
Definition 3.2.3. Let λv ∈ (Z2+)Hom(Fv,E) and ρv : GFv → GL2(O) be a continuous representation. We
say ρ is ordinary of weight λv if there is an isomorphism
ρv ∼
(
ψv,1 ∗
0 ψv,2
)
,
where for i = 1, 2, ψv,i : GFv → O× is a continuous character agrees with ψλvi on an open subgroup of
IFv .
Proposition 3.2.4. For each λv, τv there is a unique (possibly trivial) reduced and p-torsion free quotient
R∆,λv,τvv of R
∆
v satisfying the following properties:
(1) If E′/E is a finite extension, then the O-algebra homomorphism R,ψv → E′ factors through
R∆,λv,τvv if and only if the corresponding Galois representation Gv → GL2(E′) is ordinary and
potentially semi-stable of Hodge type λ and inertial type η.
(2) SpecR∆,λv,τvv is a union of irreducible components of SpecR
λv ,τv
v .
Proof. This follows from [Ger10, Lemma 3.3.3]. 
Lemma 3.2.5. If R∆,λv,τvv is non-zero, then τ = α1⊕α2 is a sum of smooth characters of Iv. Moreover,
the natural surjection R∆v ։ R
∆,λv,τv
v factors through R
∆
v ⊗OJO×
Fv
(p)K,η O, where η : OJO×Fv (p)K → O is
given by u 7→ α1(ArtFv(u))
∏
κv :Fv →֒E
κv(Art
−1
Fv
(σ))−λκv ,2 for u ∈ O×Fv (p).
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Proof. The first assertion is due to [Ger10, Lemma 3.3.2]. For the second assertion, consider the following
diagram
Lλv ,τv L L∆
SpecRλv ,τvv SpecR
,ψ
v Spec R˜
,ψ
v ,
where R˜,ψv = R
,ψ
v ⊗ˆOOJO×Fv (p)K, R,ψv →֒ R˜,ψv is induced by the surjection R˜,ψv ։ R,ψv given by η,
Lλv ,τv is the closed subscheme of P1 ×O Rλv ,τvv , whose R-valued points, R an Rλv ,τvv -algebra, consist of a
R-line L ⊂ R2 on which IFv acts via the character η composed with ArtFv , and L is the closed subscheme
of P1
R,ψv
defined by the same way using R,ψv instead of R
λv ,τv
v .
It’s easy to see that the left square (induced by the quotient R,ψv ։ R
λv,τv
v ) is cartesian and the right
square is commutative. This proves the proposition since R∆v is the scheme theoretical image of L in
R˜,ψv and R
∆,λv,τv
v is the scheme theoretical image of Lλv ,τv in SpecRλv ,τvv (c.f. [Ger10, Section 3.3]). 
3.2.4. Irreducible components of potentially semi-stable deformations. Suppose that Cv is an irreducible
component of SpecRλv,τvv [1/p]. Then we write R
Cv
v for the maximal reduced, p-torsion free quotient of
Rλv,τvv such that SpecR
Cv
v [1/p] is supported on the component Cv.
Lemma 3.2.6. Say that a lifting ρ : GFv → GL2(R) is of type DCvv if the induced map R,ψv → R factors
through RCvv . Then DCvv is a local deformation problem.
Proof. This follows from [BLGGT14, Lemma 1.2.2] and [BLGHT11, Lemma 3.2]. 
3.2.5. Odd deformations. Assume that Fv = R and ρ|GFv is odd, i.e. det ρ(c) = −1 for c the complex
conjugation. Let Λv = O.
Proposition 3.2.7. There is a reduced and p-torsion free quotient R−1v of R
,ψ
v such that if E
′/E is
a finite extension, a O-homomorphism R,ψv → E′ factors through R−1v if and only if the corresponding
Galois representation is odd. Moreover,
• R−1v is a complete intersection domain of relative dimension 2 over O.
• R−1v [1/p] is formally smooth over E.
• R−1v ⊗O k is a domain.
Proof. See [KW09b, Proposition 3.3]. 
We write D−1v for the local deformation problem defined by R−1v .
3.2.6. Irreducible components of unrestricted deformations. Let v ∤ p and Λv = O.
Lemma 3.2.8. Let x, y : R,ψv → Qp with ρx, ρy : GFv → GL2(Qp) be the associated framed deforma-
tions.
(1) If x and y lie on the same irreducible component of SpecR,ψv ⊗Qp, then
(ρx)|ssIFv ∼= (ρy)|ssIFv .
(2) Suppose that moreover neither x nor y lie on any other irreducible component of SpecR,ψv ⊗Qp.
Then
(ρx)|IFv ∼= (ρy)|IFv .
Proof. See [BLGGT14, Lemma 1.3.4]. 
Suppose that Cv is an irreducible component of SpecR,ψv [1/p]. Then we write RCvv for the maximal
reduced, p-torsion free quotient of R,ψv such that R
Cv
v is supported on the component Cv, which defines
a local deformation problem DCvv by [BLGHT11, Lemma 3.2]. Moreover, it follows from lemma 3.2.8 that
all points of SpecRCvv [1/p] are of same inertial type if E is large enough.
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3.2.7. Unramified deformations. Let v ∤ p and Λv = O.
Proposition 3.2.9. Suppose ρ|GFv is unramified and ψ is unramified at v. There there is a reduecd, O-
torsion free quotient Rurv of R
,ψ
v corresponding to unramified deformations. Moreover, R
ur
v is formally
smooth over O of relative dimension 3.
Proof. This is due to [Kis09b, prop 2.5.3]. 
We denote Durv the local deformation problem defined by Rurv .
3.2.8. Special deformations. Let v ∤ p and Λv = O.
Proposition 3.2.10. There is a reduced, O-torsion free quotient RStv of R,ψv satisfying the following
properties:
(1) If E′/E is a finite extension then an O-algebra homomorphism R,ψv → E′ factors through RStv
if and only if the corresponding Galois representation is an extension of γv by γv(1), where
γv : GFv → O× is an unramified character such that γ2v = ψ|GFv .
(2) RStv is a domain of relative dimension 3 over O and RStv [1/p] is regular.
Proof. This follows from [Kis09c, Proposition 2.6.6] and [KW09b, Theorem 3.1]. 
We denote DStv the local deformation problem defined by RStv .
3.2.9. Taylor-Wiles deformations. Suppose that qv ≡ 1 mod p, that ρ|GFv is unramified, and that
ρ(Frobv) has distinct eigenvalues αv,1, αv,2 ∈ k. Let ∆v = k(v)×(p) and Λv = O[∆⊕2v ].
Proposition 3.2.11. Rv is a formally smooth Λv-algebra. Moreover, ρ

v
∼= χv,1 ⊕ χv,2 with χv,i a
character satisfying χv,i(Frobv) ≡ αv,i mod mRv and χv,i|IFv agrees, after the composition composition
with the Artin map, with the character k(v)× → ∆⊕2v → Λ×v defined by mapping k(v)× to its image in
the i-th component of ∆v.
Proof. This follows from the proof of [DDT94, Lemma 2.44] (see [Sho16, Proposition 5.3] for an explicit
computation of Rv ). 
In this case, we write DTWv for Dv .
3.3. Irreducible component of p-adic framed deformation rings of GQp . Let r : GQp → GL2(k)
and ψ : GQp → O× be a lifting of det r. We write Rr (resp. Rψr ) for the universal lifting ring of r (resp.
universal lifting ring of r with determinant ψ). Denote Rψ the universal deformation ring of ψ := det r.
Theorem 3.3.1. Assume p = 2. The morphism SpecRr → SpecRψ given by mapping a deformation
of r to its determinant induces a bijection between the irreducible components of SpecRr and those of
SpecRψ.
Remark 3.3.2. When p > 2 and r : GL → GL2(k) with L an arbitrary finite extension of Qp, the theorem
is proved in [BJ15, Theorem 1.9].
Proof. This is proved in [Che09, Proposition 4.1] when r absolutely irreducible or reducible indecom-
posable with non-scalar semi-simplification. Assume that r is split reducible with non-scalar semi-
simplification (i.e. r ∼= ( χ¯1 00 χ¯2 ) with χ¯1χ¯−12 6= 1). It is proved in [Pasˇ17, Proposition 5.2] that
Rver ∼= RpsJx, yK/(xy − c), where Rver is the versal deformation ring of r, Rps is the pseudo deformation
ring of (the pseudo-character associated to) r, and c ∈ Rps is the element generating the reducibility ideal.
Since Rps is isomorphic to the universal deformation ring of r′ = ( χ¯1 ∗0 χ¯2 ) with ∗ 6= 0 by [Pasˇ17, Proposi-
tion 3.6] and xy− c is irreducible in RpsJx, yK, it follows that the irreducible components of SpecRver are
in bijection with the irreducible components of SpecRψ . This implies the theorem since Rr is formally
smooth over Rver [KW09b, Proposition 2.1]. For r reducible with scalar semi-simplification, this is due
to [CDP15, Theorem 9.4] when r is split and [Bab15, Satz 5.4] when r is non-split. 
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We will write R1 for the universal deformation ring of the trivial character 1 : GQ2 → k× and 1univ :
GQ2 → R×1 for its universal deformation. Note that the map χ 7→ χψ with χ any lifting of 1 induces an
isomorphism Rψ
∼= R1 ∼= OJx, y, zK/((1 + z)2 − 1), which has two irreducible components determined by
χ(ArtQ2(−1)) ∈ {±1}. It follows that two points x and y of SpecRr lie in the same irreducible component
if and only if the associated liftings rx and ry satisfying det rx(ArtQ2(−1) = det ry(ArtQ2(−1)). We denote
Rsignr the the complete local noetherian O-algebra pro-represents the functor sending R ∈ CNLO to the
set of liftings r of r to R such that det r(ArtQ2(−1)) = ψ(ArtQ2(−1)). Thus SpecRsignr is an irreducible
component of SpecRr.
Corollary 3.3.3. Rsignr [
1
2 ] is an integral domain.
Proof. If r absolutely irreducible or reducible indecomposable with non-scalar semi-simplification, it can
be shown that Rsignr
∼= OJX1, · · · , X5K using [Che09, Proposition 4.1]. The assertion for r split reducible
non-scalar follows from the non-split case by the same arguments in the proof of theorem 3.3.1. For r
reducible with scalar semi-simplification, it is proved in [CDP15, Theorem 9.4] when r is split and [Bab15,
Satz 5.4] when r is non-split that Rsignr [1/2] is an integral domain. 
Proposition 3.3.4. The morphism Spec(Rψr ⊗ˆOR1)→ SpecRsignr induced by (r, χ) 7→ r⊗χ is finite and
become e´tale after inverting 2.
Proof. Following the proof of [All14a, Proposition 1.1.11], we consider the following cartesian product
SpecRsignr ×SpecR1 SpecR1 SpecR1
SpecRsignr SpecR1,
s
δ
where s is given by the functor representing χ 7→ χ2 and δ is given by the functor representing r 7→
ψ−1 det r. It follows that the points of SpecRsignr ×SpecR1 SpecR1 are given by pairs (r, χ) with r a
framed deformation of r and χ a lifting of 1 satisfying det r = ψχ2. Thus the map (r, χ) 7→ (r ⊗ χ−1, χ)
induces an isomorphism SpecRsignr ×SpecR1 SpecR1 ∼= Spec(Rψr ⊗ˆOR1). Note that the morphism s is
given by x 7→ (1 + x)2 − 1, y 7→ (1 + y)2 − 1, z 7→ 0, which is finite and become e´tale after inverting 2.
The assertion follows from base change. 
Remark 3.3.5. Note that the map (r, χ) 7→ r ⊗ χ defines a morphism Spec(Rψr ⊗ˆOR1) → SpecRr for all
p, which is an isomorphism if p > 2 (by Hensel’s lemma) and has image in SpecRsignr if p = 2 (since
det(r ⊗ χ)(ArtQ2(−1)) = det r(ArtQ2(−1)) = ψ(ArtQ2(−1))).
4. The patching argument
In this section, we first introduce completed cohomology for quaternionic forms and then patch com-
pleted cohomology following [CEG+16, GN16]. In the rest of the paper we assume p = 2.
4.1. Quaternionic forms and completed cohomology. Let F be a totally real field and D be a
quaternion algebra with center F , which is ramified at all infinite places and at a set of finite places Σ,
which does not contain any primes dividing p. We will write Σp = Σ ∪ {v|p}. We fix a maximal order
OD of D, and for each finite places v /∈ Σ an isomorphism (OD)v ∼=M2(OFv ). For each finite place v of
F , we will denote by N(v) the order of the residue field at v, and by ̟v ∈ Fv a uniformizer.
Denote by A∞F ⊂ AF the finite adeles and adeles respectively. Let U =
∏
v Uv be a compact open
subgroup contained in
∏
v(OD)×v . We may write
(D ⊗F A∞F )× =
⊔
i∈I
D×tiU(A
∞
F )
×
for some ti ∈ (D⊗F A∞F )× and a finite index I. We say U is sufficiently small if it satisfies the following
condition:
(4.1.1) (U(AfF )
× ∩ t−1D×t)/F× = 1 for all t ∈ (D ⊗F AfF )×.
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For example, U is sufficiently small if for some place v of F , at which D splits and not dividing 2M with
M being the integer defined in [Pasˇ16, Lemma 3.1], Uv is the pro-v Iwahori subgroup (i.e. the subgroup
whose reduction modulo ̟v are the upper triangular unipotent matrices). We will assume this is the
case from now on and denote the place by v1.
Write U = UpUp, where Up =
∏
v|p Uv and U
p =
∏
v∤p Uv. If A is a topological O-algebra, we let
S(Up, A) be the space of continuous functions
f : D×\(D ⊗F A∞F )×/Up → A.
The group Gp = (D⊗Z Zp)× ∼=
∏
v|pGL2(Fv) acts continuously on S(U
p, A). It follows from (4.1.1) that
there is an isomorphism of A-modules
S(Up, A)
∼−→
⊕
i∈I
C(F×\Kp(A∞F )×, A)(4.1.2)
f 7→ (u 7→ f(tiu))i∈I ,(4.1.3)
where C denotes the space of continuous functions. Let ψ : (A∞F )
×/F× → O× be a continuous character
such that ψ is trivial on (A∞F )
× ∩ Up. We may view ψ as an A-valued character via O× → A×. Denote
Sψ(U
p, A) be the A-submodule of S(U,A) consisting of functions such that f(gz) = ψ(z)f(g) for all
z ∈ (A∞F )×. The isomorphism (4.1.2) induces an isomorphism of Up-representations:
Sψ(U
p, A)
∼−→
⊕
i∈I
Cψ(Kp(A
∞
F )
×, A),(4.1.4)
where Cψ denotes the continuous functions on which the center acts by the character ψ. One may think
of Sψ(U
p, A) as the space of algebraic automorphic forms on D× with tame level Up and no restrictions
on the level or weight at spaces dividing p.
Let σ be a continuous representation of Up on a free O-module of finite rank, such that (A∞F )× ∩ Up
acts on σ by the restriction of ψ to this group. We let
Sψ,σ(U,A) := HomUp(σ, Sψ(U
p, A)).
We will omit σ as an index if it is the trivial representation. If the topology on A is discrete (e.g. A = E/O
or A = O/̟s), then we have
Sψ(U
p, A) ∼= lim−→
Up
Sψ(U
pUp, A),
where Up runs through compact open subgroup ofKp. The action ofGp on Sψ(U
p, A) by right translations
is continuous. The module Sψ(U
p, A) is naturally equipped with an A-linear action of Gp := (D⊗ZZp)× ∼=∏
v|pGL2(Fv), which extends the Kp-action. To be precisely, for g ∈ Gp, right multiplication by g induces
an map
·g : Sψ(UpUp, A)→ Sψ(UpUgp , A)
for each Up, where U
g
p = g
−1Ugp g. As Up runs through the cofinal subset of open subgroups of Kp with
Ugp ⊂ Kp, the subgroups Ugp also runs through a cofinal subset of open subgroups of Kp, so we may
identify lim−→Up Sψ(U
pUgp , A) with Sψ(U
p, A).
Denote Fp = F ⊗Q Qp ∼=
∏
v Fv and OFp = OF ⊗Z Zp ∼=
∏
vOFv . Let ζ : F×p → O× be the character
obtained restricting ψ to F×p .
Lemma 4.1.1. The representation Sψ(U
p, E/O) lie in Modl.admG,ζ (O). Moreover, Sψ(Up, E/O) is admis-
sible and injective in ModsmK,ζ(O).
Proof. This follows from (4.1.4). 
Let Sp be the set of places of F above p, S∞ be the set of places of F above∞, and let S be a union of
the places containing Σp, S∞, and all the places v of F such that Uv 6= (OD)×v . WriteW = S−(Σp∪S∞).
We will assume that for v ∈ W , Uv ⊂ GL2(OFv ) is contained in the Iwahori subgroup and contains the
pro-v Iwahori subgroup.
We denote TS = O[Tv, Sv,U̟w ]v/∈S,w∈W be the commutative O-polynomial algebra in the indicated
formal variables. If A is a topological O-algebra then Sψ(Up, A) and Sψ,σ(Up, A) become TS-modules
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with Sv acting via the double coset operator [Uv
(
̟v 0
0 ̟v
)
Uv], Tv acting via [Uv
(
̟v 0
0 1
)
Uv], andU̟w acting
via [Uw
(
̟w 0
0 1
)
Uw]. Note that the operators Tv and Sv do not depend on the choice of ̟v but U̟w does.
4.2. Completed homology and big Hecke algebras. Let S = Sp ∪ S∞ ∪ Σ ∪ {v1}, where Sp be
the set of places of F above p and S∞ be the set of places of F above ∞. We define an open compact
subgroup Up =
∏
v∤p Uv of G(A
∞,p
F ) as follows:
• Uv = G(OFv ) if v /∈ S or v ∈ Σ.
• Uv1 is the pro-v1 Iwahori subgroup.
Due to the choice of v1, U
pUp is sufficiently small for any open compact subgroup Up of G(Fp). It follows
that the functor V 7→ Sψ(UpUp, V ) is exact by (4.1.4).
Definition 4.2.1. We define the completed homology groups Mψ(U
p) by
Mψ(U
p) := lim←−
Up
Sψ(U
pUp,O)d
equipped with an O-linear action of Gp extending the Kp-action coming from the OJKpK-module struc-
ture.
Following from the definition, there is a natural Gp-equivariant homeomorphism
Mψ(U
p) ∼= Sψ(Up, E/O)∨.
Corollary 4.2.2. The representation Mψ(U
p) is a projective object in ModproKp,ζ(O).
Proof. Note that we have natural Gp-equivariant homeomorphism
Mψ(U
p) ∼= Sψ(Up, E/O)∨
by definition. Thus the corollary follows from lemma 4.1.1. 
For U = UpUp, we write Sψ(U, s) for Sψ(U,O/̟s). Define TSψ(U, s) to be the image of the abstract
Hecke algebra TS in EndO/̟s[Kp/Up](Sψ(U, s)).
Definition 4.2.3. We define the big Hecke algebra TSψ(U
p) by
TSψ(U
p) = lim←−
Up,s
TSψ(U
pUp, s)
where the limit is over compact open normal subgroups Up of Kp and s ∈ Z≥1, and the surjective
transition maps come from
EndO/̟s′ [Kp/U ′p](Sψ(U
′
pU
p, s′))→ EndO/̟s[Kp/Up](O/̟s[Kp/Up]⊗O/̟s′ [Kp/U ′p] Sψ(U
′
pU
p, s′))
for s′ ≥ s and U ′p ⊂ Up and the natural identification
O/̟s[Kp/Up]⊗O/̟s′ [Kp/U ′p] Sψ(U
′
pU
p, s′) ∼= Sψ(UpUp, s).
We equip TSψ(U
p) with the inverse limit topology. It follows from the definition that the action of
TSψ(U
p) on Mψ(U
p) is faithful and commutes with the action of Gp.
Lemma 4.2.4. TSψ(U
p) is a profinite O-algebra with finitely many maximal ideals. Denote its finitely
many maximal ideals by m1, · · · ,mr and let J = ∩imi denote the Jacobson radical. Then TSψ(Up) is
J-adically complete and separated, and we have
TSψ(U
p) = TSψ(U
p)m1 × · · · × TSψ(Up)mr .
For each i, TSψ(U
p)/mi is a finite extension of k.
Proof. This is indeed [GN16, Lemma 2.1.14]. It suffices to prove when U ′p ⊂ Up are open normal pro-p
subgroups such that ψ|U ′p∩O×F,p is trivial modulo ̟
s′ , the map
TSψ(U
pU ′p, s
′)→ TSψ(UpUp, 1)
induces a bijection of maximal ideals.
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Let m be a maximal ideal of the artinian ring TSψ(U
pU ′p, s
′). Since TSψ(U
pU ′p, s
′) acts faithfully on
Sψ(U
pU ′p, s
′), we know that
Sψ(U
pU ′p, s
′)[m] 6= 0.
The p-group Up/U
′
p acts naturally on this k-vector space, hence has a non-zero fixed vector, which belong
to Sψ(U
pUp, 1). Thus Sψ(U
pUp, 1)[m] 6= 0 and m is also a maximal ideal of T Sψ (UpUp, 1). 
Let m ⊂ TSψ(Up) be a maximal ideal with residue field k. There exists a continuous semi-simple
representation ρm : GF,S → GL2(k) such that for any finite place v /∈ S of F , ρm(Frobv) has characteristic
polynomial X2 − TvX + qvSv ∈ k[X ]. If ρm is absolutely reducible, we say that the maximal ideal m is
Eisenstein; otherwise, we say that m is non-Eisenstein.
We define a global deformation problem
S = (ρm, F, S, {O}v∈S , {D,ψv }v∈Sp ∪ {D−1v }v∈S∞ ∪ {DStv }v∈Σ ∪ {D,ψv1 }).
Proposition 4.2.5. Suppose that m is non-Eisenstein. Then there exists a lifting of ρm to a continuous
homomorphism
ρm : GF,S → GL2(TSψ(Up)m)
such that for any finite place v /∈ S of F , ρm(Frobv) has characteristic polynomial X2 − TvX + qvSv ∈
TSψ(U
p)m[X ]. Moreover, ρm is of type S and has determinant ψε.
Proof. By the proof of lemma 4.2.4, the surjective map TSψ(U
p)։ TSψ(U
pUp, s) induces bijection of max-
imal ideals for Up small enough. By taking projective limit, it suffices to show that there exist contin-
uous homomorphism ρm,Up,s : GF,S → GL2(TSψ(UpUp, s)/m) and ρm,Up,s : GF,S → GL2(TSψ(UpUp, s)m)
satisfying the same conditions as in the statement, which follows from the well-known assertion for
Sψ(U
pUp,O). 
4.3. Globalization. Keeping the setting of section 4.2. Fix a continuous representation
ρ : GF,S → GL2(k)
which comes from a non-Eisenstein maximal ideal of TSψ(U
p) (i.e. ρ ∼= ρm). Assume ρ satisfying the
following properties:
(i) ρ has non-solvable image.
(ii) ρ is unramified at all finite places v ∤ p;
(iii) ρ(Frobv1) has distinct eigenvalues.
In application to the modularity lifting theorem, assumption (ii) is satisfied after a solvable base change.
The following lemma will allow us to reduce to situations where (iii) holds.
Lemma 4.3.1. Suppose ρ has non-solvable image. Then there exists a place v1 of F not dividing 2Mp
such that the eigenvalues of ρ(Frobv1) are distinct.
Proof. By Dickson’s theorem, the projective image of ρ is conjugate to PGL2(F2r ) for some r > 1, which
contains elements with distinct Frobenius eigenvalues
(
e.g. ( 1 11 0 )
)
. Thus by Chebotarev density theorem,
there are infinite many places v of F with distinct Frobenius eigenvalues. This proves the lemma. 
Definition 4.3.2. Let L be a finite extension of Qp. Given a continuous representation r : GL →
GL2(k), we will say that r has a suitable globalization if there is a totally real field F and a continuous
representation ρ : GF → GL2(k) satisfying the properties (i)− (iii) above and moreover,
• ρ|GFv ∼= r for each v|p (hence Fv ∼= L);
• [F : Q] is even;
• there exists a regular algebraic cuspidal automorphic representation π of GL2(AF ) of weight
(0, 0)Hom(F,C) and level prime to p satisfying ρπ,ι
∼= ρ.
Given a suitable globalization of r, we set S = Sp ∪ S∞ ∪ {v1}, Σ = ∅, D the quaternion algebra with
center F which is ramified exactly at S∞, and U
p as in section 4.2. Let ψ : GF,S → O× be the totally
even finite order character such that det ρπ,ι = ψε and view ψ as a character of (A∞F )
×/F× → O× via
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global class field theory. Let m be the maximal ideal of TSψ(U
p) corresponding to ρ and γ be the character
given by π. Together with the last property, we are in the same situation as section 4.2.
Lemma 4.3.3. Given r : GQp → GL2(k), a suitable globalization exists.
Proof. By [Cal12, Proposition 3.2], we may find F and ρ satisfying all but the last two conditions. If
[F ′ : Q] is odd, we make a further quadratic extension F ′′ linearly disjoint form F
ker ρ
over F , and in
which all primes above p splits completely. The result follows by replacing F with F ′′.
It is proved in [Sno09, Proposition 8.2.1] that when p is odd, there is a finite Galois extension F ′/F in
which all places above p split completely such that ρ|GF ′ is modular. This assumption can be removed
using the proof [KW09b, Theorem 6.1], which shows the existance of points for some Hilbert-Blumenthal
Abelian varieties with values in local fields when p = 2. 
The following lemma says we may change the weight of a globalization ρ when p splits completely in
F .
Lemma 4.3.4. Assume that p splits completely in F and that ρ : GF → GL2(k) is automorphic. Then ρ
is automorphic of weight λ = (0, 0)v|p, i.e. there is a regular algebraic cuspidal automorphic representation
π of weight λ = (0, 0)v|p such that ρ ∼= ρπ,ι. Moreover,
(1) at each v|p, ρπ,ι|GFv is semi-stable;
(2) π is ι-ordinary at those v|p such that ρ|GFv is reducible.
Proof. It is proved in [Pasˇ16, Lemma 3.29] that if ρ is automorphic, then it is automorphic of weight
(0, 0)Hom(F,C) and semi-stable at each v|p. The assertion (2) follows from [KW09b, Lemma 3.5], which
proves that for a continuous representation r : GQp → GL2(E),
• if r is crystalline of weight (0, 0), then it is ordinary if and only if residually it is ordinary;
• if r is semi-stable non-crystalline of weight (0, 0), then it is ordinary.
This finishes the proof. 
4.4. Auxiliary primes. Let Q be a set of places disjoint from S, such that for each v ∈ Q, qv ≡ 1 mod
p and ρ(Frobv) has distinct eigenvalues. For each v ∈ Q, we fix a choice of eigenvalue αv. We refer to
the tuple (Q, {αv}v∈Q) as a Taylor-Wiles datum, and define the augmented deformation problem
SQ = (ρ, S ∪Q, {O}v∈S ∪ {O[∆v]}v∈Q, {D,ψv }v∈Sp ∪ {D−1v }v∈S∞ ∪ {DStv }v∈Σ ∪ {D,ψv1 }
∪ {DTWv }v∈Q).
Let ∆Q =
∏
v∈Q∆v =
∏
v∈Q k(v)
×(p). Then RSQ is naturally a O[∆Q]-algebra, If aQ ⊂ O[∆Q] is the
augmentation ideal, then there is a canonical isomorphism RSQ/aQRSQ
∼= RS (resp. RTSQ/aQRTSQ ∼= RTS ).
Lemma 4.4.1. Let T = S. For every N ≫ 0, there exists a Taylor-Wiles datum (QN , {αv}v∈QN )
satisfying the following conditions:
(1) #QN := q = dimkH
1(GF,S , ad ρ)− 2.
(2) For each v ∈ QN , qv ≡ 1 (mod pN ).
(3) The ring RS,ψSQN
is topologically generated by 2q + 1 elements over ASS .
(4) Let GQN be the Galois group of the maximal abelian 2-extension of F which is unramified outside
QN and is split at primes in S. Then we have GQN /2
NGQN
∼= (Z/2NZ)t with t := 2− |S|+ q.
Proof. See [KW09b, Lemma 5.10]. 
4.4.1. Action of ΘQ. If Q is a finite set of finite primes of F disjoint from S, we denote by ΘQ the Galois
group of the maximal abelian 2-extension of F which is unramified outside Q and in which every prime
in S splits completely. Let Θ∗Q be the formal group scheme defined over O whose A-valued points is given
by the group Hom(ΘQ, A) of continuous characters on ΘQ that reduce to the trivial character modulo
mA.
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It follows that Spf RSQ (resp. Spf R
T
SQ
) has a natural action by Θ∗Q given by χA × VA 7→ VA ⊗ χA on
A-valued points, which is free if ρ has non-solvable image [KW09b, Lemma 5.1]. Moreover, there is a
Θ∗Q-equivariant map
δQ : Spf R
T
SQ → Θ∗Q; VA 7→ detVA · (ψε)−1
where Θ∗Q acts on itself via the square of the identity map, and Spf R
T,ψ
SQ
= δ−1Q (1).
4.5. Auxiliary levels. A choice of Taylor-Wiles datum (Q, {αv}v∈Q) having been fixed, we have defined
an auxiliary deformation problem SQ.
Let Up be the open compact subgroup of G(A∞,pF ) in section 4.2. We define compact open subgroups
Up0 (Q) =
∏
v∤p U0(Q)v and U
p
1 (Q) =
∏
v∤p U1(Q)v of U
p =
∏
v∤p Uv by:
• if v /∈ Q, then U0(Q)v = U1(Q)v = Uv.
• if v ∈ Q, then U0(Q)v is the Iwahori subgroup of GL2(OFv ) and U1(Q)v is the set g = ( a bc d ) ∈
U0(Q)v such that ad
−1 maps to 1 in ∆v.
In particular, U1(Q)v contains the pro-v Iwahori subgroup of U0(Q)v, so we may identify
∏
v∈Q U0(Q)v/U1(Q)v
with ∆Q.
Let mQ denote the ideal of TS∪Q generated by m∩TS∪Q and the elementsU̟v−α˜v for v ∈ Q, where α˜v
is an arbitrary lift of αv. We denote by T
S∪Q
ψ (U
p
i (Q)Up, s) the image of T
S∪Q in EndO/̟s(Sψ(U
p
i (Q)Up, s)).
Exactly as [Kis09a, Section 2.1], we have the following:
(1) The maximal ideal mQ induces proper, maximal ideals in T
S∪Q
ψ (U
p
i (Q)Up, s). Moreover, the map
Sψ(U
pUp, s)m → Sψ(Up1 (Q)Up, s)mQ
is an isomorphism.
(2) Sψ(U
p
1 (Q)Up, s)mQ is a finite projective O/̟s[∆Q]-module with
Sψ(U
p
1 (Q)Up, s)
∆Q
mQ
∼−→ Sψ((Up0 (Q)Up, s)mQ .
(3) There is a deformation
ρm,Q,s : GF → GL2(TS∪Qψ (Up1 (Q)Up, s))
of ρ which is of type SQ and has determinant ψε. In particular, Sψ(Up1 (Q)Up, s)mQ is a finite
RψSQ-module.
The following proposition is an immediate consequence of (3).
Proposition 4.5.1. Let (Q, {αv}v∈Q) be a Taylor-Wiles datum. Then there exists a lifting of ρm to a
continuous morphism
ρm,Q : GF,S∪Q → GL2(TS∪Qψ (Up1 (Q))mQ,1)
satisfying the following conditions:
• for each place v /∈ S ∪ Q of F , ρm,Q(Frobv) has characteristic polynomial X2 − TvX + qvSv ∈
TS∪Qψ (U
p
1 (Q))mQ,1 [X ];
• for each place v ∈ Q, ρm,Q|GFv ∼
( χv ∗
0 ∗
)
such that χv(̟) = U̟v .
In particular, ρm,Q is of type SQ and has determinant ψε.
It follows that we have an O[∆Q]-algebra surjection
RψSQ ։ T
S∪Q
ψ (U
p
1 (Q))mQ(4.5.1)
such that for v /∈ S the trace of Frobv on the universal deformation of type SQ maps to Tv and χv(̟v)
maps to U̟v for v ∈ Q.
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4.5.1. Action of ΘQ. Let χ ∈ Θ∗Q(O)[2] be a character of GQ of order 2. As χ is split at infinite places,
we can regard χ also as a character (A∞F )
×. Given f ∈ Sψ(Up1 (Q)Up,O), we define
fχ(g) := f(g)χ(det(g)),
which also lies in Sψ(U
p
1 (Q)Up,O). This induces an action of Θ∗Q(O)[2] on Sψ(UpUp1 (Q), s) for each
s ∈ N. By Proposition 7.6 of [KW09b], we may also define an action χ on TS∪Qψ (Up1 (Q)) and O[∆N ]
by sending Tv to χ(πv)Tv, Sv to χ(πv)Sv and 〈h〉 to χ(h)〈h〉, which is compatible with the action of χ
on Sψ(UpU
p
1 (Q), s). Moreover, the action of χ on T
S∪Q
ψ (U
p
1 (Q)) preserves its maximal ideal mQ and the
homomorphism RψSQ → T
S∪Q
ψ (U
p
1 (Q))mQ is Θ
∗
Q(O)[2]-equivariant.
4.6. Patching. We write Gp for
∏
v|pGL2(Fv), Kp for
∏
v|pGL2(OFv ) and Zp ∼=
∏
v|p F
×
v for the center
of Gp.
We let (QN , {αv}v∈QN ) be a choice of Taylor-Wiles datum for each N ≫ 0 and T = S be the subset
as in lemma 4.4.1. Choose v0 ∈ S, and let T = OJXv,i,jKv∈S,1≤i,j≤2/(Xv0,1,1). By lemma 3.1.6, there is
a canonical isomorphism RSS
∼= RS⊗ˆOT (resp. RS,ψS ∼= RψS ⊗ˆOT ). Let ∆∞ = Zqp, which is endowed with
a natural surjection ∆∞ ։ ∆N for each N . This induces a surjection O∞ := T J∆∞K → ON := T J∆N K
of T -algebras. Denote the kernel of the homomorphism O∞ → O which sends ∆∞ to 1 and all 4|S| − 1
variables of T to 0 by a.
We write Rloc for ASS and denote g = q + |S| − 1. Fix a surjection Zt2 → ΘQN for each N . This
induces an embedding of formal group scheme ι : Θ∗QN →֒ (Gˆm)t, where Gˆm denotes the completion of
the O-group scheme Gm along the identity section. We define
• R′∞ = RlocJX1, . . . , Xg+tK. Then Spf R′∞ is equipped with a free action of (Gˆm)t, and a (Gˆm)t-
equivariant morphism δ : Spf R′∞ → (Gˆm)t, where (Gˆm)t acts on itself by the square of the
identity map.
• R∞ by Spf R∞ = δ−1(1) and Rinv∞ by Spf Rinv∞ := Spf R′∞/(Gˆm)t (cf. [KW09b, Proposition 2.5]).
By [KW09b, Lemma 9.4], Spf R′∞ is a (Gˆm)
t-torsor over Spf Rinv∞ .
We fix a Θ∗QN -equivariant surjective R
loc-algebra homomoprhism R′∞ ։ R
S
SQN
for each N , which induces
a Θ∗QN [2]-equivariant surjective R
loc-algebra homomorphism R∞ ։ R
S,ψ
SQN
.
Definition 4.6.1. Let Up be a compact open subgroup of Kp and let J be an open ideal in O∞. Let IJ
be the subset of N ∈ N such that J contains the kernel of O∞ → ON . For N ∈ IJ , define
M(Up, J,N) := O∞/J ⊗ON Sψ(Up1 (QN )Up,O)dmQN .
From the definition, it follows that M(Up, J,N) satisfying the following properties:
• We have a map
(4.6.1) RT,ψSQN
→ T ⊗ˆOTSψ(Up1 (QN ))mQN ,
and a map
(4.6.2) T ⊗ˆOTSψ(Up1 (QN ))mQN → EndO∞/J(M(Up, J,N)).
In particular, for all J and N ∈ IJ we have a ring homomorphism
R∞ → EndO∞/J
(
M(Up, J,N)
)
which factors through our chosen quotient map R∞ → RS,ψSQN and the maps (4.6.1), (4.6.2).
Moreover, it is Θ∗QN [2]-equivariant.
• If U ′p is an open normal subgroup of Up, then M(U ′p, J,N) is projective in the category of
O∞/J [Up/U ′p]-module with central character ψ−1|O×
Fp
.
• Suppose that a ⊂ J . Then M(Up, J,N) = Sψ(UpUp, s(J))∨m, where O∞/J ∼= O/̟s(J).
Definition 4.6.2. For d ≥ 1, J an open ideal in O∞ and N ∈ IJ , we define
R(d, J,N) := O∞/J ⊗ON (RT,ψSQN /m
d
RT,ψSQN
).
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We have the following properties:
• Each ring R(d, J,N) is a finite commutative local O∞/J-algebra, equipped with a surjective
O-algebra homomorphism
R∞ ։ R(d, J,N).
• For d sufficiently large, the map R∞ → EndO∞/J(M(Up, J,N)) factors through R(d, J,N).
• We have an isomorphism
R(d, J,N)/aR(d, J,N) ∼= RψS/(mdRψS , ̟
s(a+J)).
• For all open ideals J ′ ⊂ J and open normal subgroups U ′p ⊂ Up, we have a surjective map
M(U ′p, J
′, N)→M(Up, J,N)
inducing an isomorphism
O∞/J ⊗O∞/J′[Up/U ′p] M(U ′p, J ′, N)→M(Up, J,N).
• Let K1 be the pro-p Sylow subgroup of Kp and let Up be an open normal subgroup of K1. Then
{M(Up, J,N)}N∈IJ is a set of projective objects in the category of O∞/J [K1/Up]-modules with
central character ψ−1|O×
Fp
.
We fix a non-principal ultrafilter F on the set N.
Definition 4.6.3. Let x ∈ Spec ((O∞/J)IJ ) corresponding to F. We define
M(Up, J,∞) := (O∞/J)IJ ,x ⊗(O∞/J)IJ
( ∏
N∈IJ
M(Up, J,N)
)
,
R(d, J,∞) := (O∞/J)IJ ,x ⊗(O∞/J)IJ
( ∏
N∈IJ
R(d, J,N)
)
.
We have the following
• If U ′p is an open normal subgroup of Up, then M(U ′p, J,∞) is is projective in the category of
O∞/J [Up/U ′p]-module with central character given by ψ−1.
• If a ⊂ J , there is a natural isomorphism
(4.6.3) M(Up, J,∞)/aM(Up, J,∞) ∼= Sψ(UpUp, s(J))∨m.
• For d sufficiently large, the map
(4.6.4) R∞ → EndO∞/J(M(Up, J,∞))
factors through R(d, J,∞) and the map
(4.6.5) R(d, J,∞)→ EndO∞/J(M(Up, J,∞))
is an O∞-algebra homomorphism. Moreover, both (4.6.4) and (4.6.5) are Θ∗QN [2]-equivariant.• We have an isomorphism
(4.6.6) R(d, J,∞)/a ∼= RS/(mdRS , ̟s(a+J)).
• For all open ideals J ′ ⊂ J and open normal subgroups U ′p ⊂ Up, the natural map
M(U ′p, J
′,∞)→M(Up, J,∞)
is surjective, and induce an isomorphism
(4.6.7) O∞/J ⊗O∞/J′[Up/U ′p] M(U ′p, J ′,∞)→M(Up, J,∞).
• Let Up be an open normal subgroup of K1. Then M(Up, J,∞) is projective in the category of
O∞/J [K1/Up]-module with central character ψ−1|O×
Fp
. If Up is moreover normal in Kp, then
M(Up, J,∞) is a projective in the category of O∞/J [Kp/Up]-module with central character
ψ−1|O×
F,p
.
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Definition 4.6.4. We define an O∞JKK-module
M∞ := lim←−
J,Up
M(Up, J,∞).
We claim the following hold.
• M∞ is endowed with an action of R∞ via the map α : R∞ → lim←−J,dR(d, J,∞). Since α contains
the image of O∞, α(R∞) is naturally an O∞-algebra. Since O∞ is formally smooth, we can
choose a lift of the map O∞ → α(R∞) to a map O∞ → R∞. We make such a choice, and regard
R∞ as an O∞-algebra and α as an O∞-algebra homomorphism.
• The module M∞ is naturally equipped with an O∞-linear action of Gp, which extends the Kp-
action coming from the O∞JKpK structure. To be precisely, for g ∈ Gp, right multiplication by g
induces an map
·g :M(Up, J,N)→M(g−1Upg, J,N)
for each Up, J,N . Suppose that g
−1Upg ⊂ Kp, our construction gives a map
·g :M(Up, J,∞)→M(g−1Upg, J,∞).
As Up runs through the cofinal subset of open subgroups of Kp with g
−1Upg ⊂ Kp, the sub-
groups g−1Upg also runs through a cofinal subset of open subgroups of Kp, so we may identify
lim←−J,UpM(g
−1Upg, J,∞) with M∞. Taking the inverse limit over J and U∞ gives the action of g
on M∞.
Proposition 4.6.5. (1) For all open ideals J and open compact subgroups Up of K, we have a
sujective map
M∞ →M(Up, J,∞)
inducing isomorphism
O∞/J ⊗O∞/J[Up] M∞ →M(Up, J,∞).
(2) There is a Θ∗QN [2]-equivariant homomorphism R∞ → EndO∞JKK(M∞) which factors as the com-
posite of O∞-homomorphisms R∞ → lim←−J,dR(d, J,∞) and lim←−J,dR(d, J,∞)→ EndO∞JKpK(M∞)
given by the homomorphisms above.
(3) M∞ is finitely generated over O∞JKpK and projective in the category ModproKp,ζ(O∞), with ζ =
ψ|O×
Fp
. In particular, it is finitely generated over R∞JKpK and projective in Mod
pro
Kp,ζ
(O).
Proof. The first assertion follows from the isomorphism (4.6.7) and the second assertion can be deduced
easily by the definition ofM∞. To show the third assertion, note that it is proved in [CEG
+16, Proposition
2.10] (see [GN16, Proposition 3.4.16 (1)] also) that M∞ is finitely generated over O∞JKpK and projective
in the category ModproKp,ζ(O∞). We claim that the following conditions are equivalent for a compact
module M over a complete local ̟-torsion free O-algebra R:
M is projective in ModproKp,ζ(R)
⇐⇒M is ̟-torsion free and M/̟M is projective in ModproKp,ζ(R/̟)
⇐⇒M is ̟-torsion free and M/̟M is projective in ModproIp,ζ(R/̟)
⇐⇒M is ̟-torsion free, and M/̟M ∼=
∏
i∈J
R/̟JIp/Ip ∩ ZpK
where Ip is the pro-p Iwahori subgroup of Gp and J is an index set. Given the claim, we see that
M∞/̟M∞ ∼=
∏
J O∞/̟JIp/Ip ∩ ZpK. Since O∞/ ̟ ∼= kJx1, . . . , xqK ∼=
∏
J′ k for some index set J
′, we
have M∞/̟M∞ ∼=
∏
J
∏
J′ kJIp/Ip ∩ ZpK and thus M∞ is projective in ModproKp,ζ(O) by the claim.
To show the first equivalence, we first assume that M is projective in ModproKp,ζ(R). Note that the
map K ′p → (K ′p/K ′p ∩ Zp) × Γp, g 7→ (g(K ′p ∩ Zp), (det g)−1), where K ′p = {g = sz | s = (sv) ∈∏
v|p SL2(OFv ), sv ≡ ( 1 00 1 ) mod ̟2v, z ∈
∏
v|p(1 + ̟
2
vOFv )} and Γp = (K ′p ∩ Zp)2, is an isomorphism
of groups. It follows that RJK ′pK
∼= RJ(K ′p/K ′p ∩ Zp)K⊗ˆRRJΓpK. Viewing M as compact RJK ′pK-module,
we see that it is a quotient of
∏
j RJK
′
pK and thus a quotient of
∏
j RJK
′
pK/(z − ζ−1(z))z∈K′p∩Zp ∼=
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∏
j RJ(K
′
p/K
′
p ∩ Zp)K. Since M is projective in ModproKp,ζ(R), it is projective in Mod
pro
K′p,ζ
(R) and hence a
direct summand of
∏
j RJ(K
′
p/K
′
p ∩Zp)K. This shows that M is ̟-torsion free. Note that for every N in
ModproKp,ζ(R/̟) we have Hom(M,N)
∼= Hom(M/̟M,N) thus M/̟M is projective in ModproKp,ζ(R/̟).
On the other hand, suppose that M is ̟-torsion free and M/̟M is projective in ModproKp,ζ(R/̟). Let
P be the projective envelope of M/̟M in ModproKp,ζ(R). It follows that there is a morphism P → M
lifting P ։M/̟M . This morphism is surjective by Nakayama’s lemma for compact modules (P/̟P ∼=
M/̟M). Denote K to be the kernel of this morphism, we have K/̟K = 0 because P/̟P ∼= M/̟M
and 0 → K/̟K → P/̟P → M/̟M is exact (5-lemma). This implies K = 0 (by the Nakayama’s
lemma for compact modules) and thus M ∼= P . The second equivalence is because Ip is the pro-p Sylow
subgroup ofKp. Since ζ mod̟ is trivial on Ip/Ip∩Zp,M/̟M is a compact module overR/̟JIp/Ip∩ZpK
and the third equivalence follows from the fact that a compact R/̟JIp/Ip ∩ ZpK-module is projective if
and only if it is pro-free (because R/̟JIp/Ip ∩ ZpK is local, projectivity coincides with freeness). This
proves the proposition. 
Proposition 4.6.6. Let a = ker(O∞ → O), we have a natural (G-equivariant) isomorphism
M∞/aM∞ ∼=Mψ(Up)m.
There is a surjective map R∞/aR∞ → RψS → TSψ(Up)m and the above isomorphism intertwines the action
of R∞ on the left hand side with the action of TSψ(U
p)m on the right hand side.
Proof. Note that we have a isomorphism (4.6.3). To prove the first part, it suffices to show that we have
an isomorphism
M∞/αM∞ ∼= lim←−
J,Up
M(Up, J,∞)/αM(Up, J,∞),
which follows from [GN16, Lemma A.33] (see also [CEG+16, Corollary 2.11]). The second part is an
immediate consequence of isomorphism (4.6.6). 
5. Patching and Breuil-Me´zard conjecture
In this section, we assume that p (= 2) splits completely in F . In particular, Fv ∼= Qp for all v|2. Let
r : GQp → GL2(k) be a continuous representation. We note that all the results in this section can be
extended to arbitrary prime p and general totally real field F (by a similar method as in [EG14]), we
restrict ourself to this particular case since it is sufficient for our purpose.
5.1. Local results.
5.1.1. Locally algebraic type. Fix a Hodge type λ, and inertia type τ , and a continuous character ψ :
GQp → O× such that ψ|IQp = (Art−1Qp )λ1+λ2 · det τ . We define σ(λ, τ) = σ(λ) ⊗E σ(τ), where σ(λ) =
σ(λ) = Mλ ⊗O E and σ(τ) be the smooth type corresponding to τ . Since σ(λ, τ) is a finite dimensional
E-vector space and K is compact and the action of K on σ(λ, τ) is continuous, there is a K-stable
O-lattice σ◦(λ, τ) in σ(λ, τ). Then σ◦(λ, τ)/(̟) is a smooth finite length k-representation of K, we will
denote by σ(λ, τ) its semi-simplification. One may show that σ(λ, τ) does not depends on the choice of
a lattice. The same assertion holds for σcr(λ, τ) = σ(λ) ⊗ σcr(τ).
A locally algebraic type σ is an absolutely irreducible representation of GL2(Qp) of the form σ(λ, τ)
or σcr(λ, τ) for some inertial type τ and Hodge type λ. We say that a continuous representation r :
GQp → GL2(E) has type σ = σ(λ, τ) (resp. σcr(λ, τ)) if it is potentially semi-stable (resp. potentially
crystalline) of inertial type τ and Hodge type λ. Denote Rψr (σ) the local universal lifting ring of type σ
and determinant ψε for r.
If x is a point of SpecRψr (σ)[1/p] with residue field Ex, we denote by rx : GQp → GL2(Ex) the lifting of
r given by x. We define the locally algebraicG-representation πl.alg(rx) = πsm(rx)⊗Exπalg(rx). Note that
H(σ) := EndG(c-IndGK(σ)) acts via a character on the one-dimensional space HomGL2(Zp)(σ, πl.alg(rx)).
Theorem 5.1.1. There is an E-algebra homomorphism
φ : H(σ)→ Rψr (σ)[1/p]
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which interpolates the local Langlands correspondence. More precisely, for any closed point x of SpecRψr (σ)[1/p],
the H(σ)-action on HomGL2(Zp)(σ, πl.alg,x) factors as φ composed with the evaluation map Rψr (σ)[1/p]→
Ex.
Proof. This follows from [CEG+16, Theorem 4.1] for σ = σcr(λ, τ) and [Pyv18, Theorem 3.4] for σ =
σ(λ, τ). 
5.1.2. The Breuil-Me´zard conjecture. We now state the Breuil-Me´zard conjecture [BM02].
Conjecture 5.1.2 (Breuil-Me´zard). There exist non-negative integers µa for each Serre weight a of
GL2(k) such that for each locally algebraic type σ, we have
e(Rψr (σ)/̟) =
∑
a
ma(σ)µa(r)
where a runs over all Serre weights, and ma(σ) is the multiplicity of σa as a Jordan-Holder factor of σ.
There is also a geometric version of the Breuil-Me´zard conjecture due to [EG14].
Conjecture 5.1.3. For each Serre weight a of GL2(k), there exists a 4-dimensional cycle Ca(r) of Rψr ,
independent of λ and τ , such that for each λ, τ , we have equalities of cycles:
Z(Rψr (σ)/̟) =
∑
a
ma(σ)Ca(r)
where a runs over all Serre weights and ma(σ) is as in the previous conjecture.
Remark 5.1.4. Given two characters ψ, ψ′ lifting det r, we have Rψr /̟
∼= Rψ′r /̟ by the universality. Thus
Rψr (σ)/̟
∼= Rψ′r (σ)/̟ if both characters are compatible with σ (thus ψ = ψ′µ with µ an unramified
charater). This implies that the two conjectures above are independent of the choice of ψ.
5.2. Local-global compatibility. We now return to the global setting in section 4.6.
5.2.1. Actions of Hecke algebras. Let σ be a representation of Kp over E. Fix a Kp-stable O-lattice σ◦
in σ. Let H(σ) = EndG(c-IndGpKp σ) and H(σ◦) := EndG(c-Ind
Gp
Kp
σ◦), which is an O-subalgebra of H(σ).
Since M∞ is a pseudocompact O∞JKpK-module equipped with a compatible action of Gp, the O∞-
module M∞(σ
◦) := σ◦ ⊗OJKpK M∞ has a natural action of H(σ◦) commuting with the action of R∞ via
isomorphisms
(σ◦ ⊗OJKpK M∞)d ∼= HomcontOJKpK(σ◦,Md∞) ∼= HomGp(c-Ind
Gp
Kp
(σ◦), (M∞)
d),
where the first isomorphism is induced by Schkhof duality and the second isomorphism is given by
Frobenius reciprocity. In particular,M∞(σ
◦) is a O-torsion free, profinite, linearly topological O-module.
5.2.2. Local-global compatibility. We say a representation σ ofKp is a locally algebraic type if σ = ⊗v|pσv,
where σv = σ(λv , τv) or σ
cr(λv, τv) is a locally algebraic type of GL2(Fv) for each v|p. We denote Rlocp =
⊗ˆv|pR,ψv and Rlocp (σ) = ⊗ˆv|pR,ψv (σv). Define Rloc(σ) = Rloc⊗Rlocp Rlocp (σ), R∞(σ) = R∞⊗Rlocp Rlocp (σ),
R′∞(σ) = R
′
∞ ⊗Rlocp Rlocp (σ) and Rinv∞ (σ) = Rinv∞ ⊗Rlocp Rlocp (σ).
Lemma 5.2.1.
(1) There are a1, · · · , at ∈ m∞ such that
R∞(σ) =
Rinv∞ (σ)Jz1K
((1 + z1)2 − (1 + a1)) ⊗Rinv∞ (σ) · · · ⊗Rinv∞ (σ)
Rinv∞ (σ)JztK
((1 + zt)2 − (1 + a1)) .
In particular, R∞(σ) is a free R
inv
∞ (σ)-module of rank 2
t.
(2) Let p ∈ SpecRinv∞ (σ). The group (Gˆm[2])t(O) acts transitively on the set of prime ideals of R∞(σ)
lying above p.
Proof. See [Pasˇ16, Lemma 3.3] for the first part and [Pasˇ16, Lemma 3.4] for the second part. 
Proposition 5.2.2.
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(1) The action of R∞ on M∞(σ
◦) factors through R∞(σ).
(2) The action of H(σ) on M∞(σ◦)[1/p] coincides with the composition
H(σ)
∏
v|p φv−−−−−→ Rlocp (σ)[1/p]→ R∞(σ)[1/p],
where φv is the map defined in theorem 5.1.1.
(3) The moduleM∞(σ
◦) is finitely generated over R∞(σ) and Cohen-Macaulay. Moreover, M∞(σ
◦)[1/p]
is locally free of rank 1 over the regular locus of its support in R∞(σ)[1/p].
Proof. The first assertion is an immediate consequence of local-global compatibility at v|p. The second
assertion follows from the first part and theorem 5.1.1. The first part of the third assertion is a consequence
of numerical coincidence (cf. [Pasˇ16, Lemma 3.5]). The second part is due to [Pasˇ16, Lemma 3.10]. Note
that the Hecke algebra in loc. cit. does not contain the Hecke algebra U̟v1 , thus their patched module
is generically free of rank 2 instead of 1. 
Definition 5.2.3. It follows from proposition 5.2.2 (3) that the support ofM∞(σ
◦)[1/p] in SpecR∞(σ)[1/p]
is a union of irreducible components, which we call the set of automorphic components of SpecR∞(σ)[1/p].
5.3. Breuil-Me´zard via patching. Define RS,ψS (σ) = R
S,ψ
S ⊗Rlocp Rlocp (σ) and R
ψ
S(σ) = R
ψ
S⊗Rlocp Rlocp (σ).
Proposition 5.3.1. For some s ≥ 0, there is an isomorphism of Rloc(σ)-algebras
RS,ψS (σ)
∼= Rloc(σ)Jx1, · · · , xs+|S|−1K/(f1, · · · , fs).
In particular, dimRS,ψS (σ) ≥ 4|S| and dimRψS (σ) ≥ 1.
Proof. See [Pasˇ16, Corollary 3.16]. 
We define a global Serre weight to be an absolutely irreducible mod p representations of Kp =∏
v∈Sp
GL2(OFv ) ∼=
∏
v∈Sp
GL2(Zp). It is of the form
σa = ⊗σav
with σav a Serre weight of GL2(OFv ) and Kp acting on σa by reduction modulo p.
We define
Ma∞ =M∞ ⊗OJKpK σa ∼= HomcontOJKpK(M∞, σ∨a )∨,
which is an R∞/̟-module. We set
µ′a(ρ) :=
1
2t
e(Ma∞, R
inv
∞ /̟)
and cycles Z ′a(ρ) of R
inv
∞ /̟ by
Z ′a(ρ) :=
1
2t
Z(Ma∞).
For each v|p, we write
σ◦v
∼−→ ⊕avσmavav ,
so that
σ◦
∼−→ ⊕aσmaa ,
where ma =
∏
vmav .
Due to [Kis09a, Lemma 2.2.11], [GK14, Lemma 4.3.9], [EG14, Lemma 5.5.1] and [Pasˇ16, Proposition
3.17], we have the following equivalent conditions.
Lemma 5.3.2. For any locally algebraic type σ, the following conditions are equivalent.
(1) The support of M(σ◦)⊗Zp Qp meets every irreducible component of SpecRloc(σ)[1/p].
(2) M∞(σ
◦) ⊗Zp Qp is a faithful R∞(σ)[1/p]-module which is locally free of rank 1 over the smooth
locus of its support.
(3) RψS (σ) is a finite O-algebra and M(σ)⊗Zp Qp is a faithful RψS (σ)[1/p]-module.
(4) e(Rinv∞ (σ)/̟) =
∑
amaµ
′
a(ρ).
(5) Z(Rinv∞ (σ)/̟) =
∑
amaZ
′
a(ρ).
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Proof. The proof is an analogue of [Pasˇ16, Proposition 3.17] and [EG14, Lemma 5.5.1]. 
For each Serre weight σav of GL2(Fv), we have Mav ⊗O k ∼= σav . Define
µav (ρv) = e(R
av,1,cr
v /̟) ∈ Z≥0
and
Cav (ρv) = Z(Rav,1,crv /̟)
a 4-dimensional cycle of SpecR,ψv . We obtain the following analogue of [EG14, Theorem 5.5.2].
Theorem 5.3.3. Suppose the equivalence conditions of lemma 5.3.2 hold for σ = ⊗v|pσcr(av,1) with av
some Serre weights of GL2(Fv). Then if σ = ⊗v|pσv is a locally algebraic type with σv = σ∗(λv, τv) and
∗ ∈ {∅, cr}, and if we write
σ◦
∼−→ ⊕aσmaa ,
then the following conditions are equivalent.
(1) The equivalent conditions of lemma 5.3.2 hold for σ.
(2) e(Rλv ,τv,∗v /̟) =
∑
av
mavµav (ρv) for each v|p.
(3) Z(Rλv ,τv,∗v /̟) =
∑
av
mavCav (ρv) for each v|p.
Proof. Given lemma 5.3.2, the proof of [EG14, Theorem 5.5.2] works verbatimly. 
5.4. The support at v1. Let σ be a locally algebraic type for Gp. Suppose that M∞(σ
◦) 6= 0.
Proposition 5.4.1. The support of M∞(σ
◦)⊗ZpQp meets every irreducible component of SpecR,ψv1 [1/p].
Proof. By assumption and proposition 5.2.2 (3),M∞(σ
◦)⊗ZpQp is supported at an irreducible component
C of SpecR∞(σ)[1/p]. We write Cv for the corresponding irreducible component at v ∈ S. Let C˜v1 be
an irreducible component of SpecR,ψv1 [1/p]. It suffices to show that M∞(σ
◦)⊗Zp Qp is supported at the
irreducible component C˜ defined by {Cv}v∈S−{v1} and C˜v1 .
Choose a finite solvable totally real extension F ′ of F such that
• For each place w of F ′ above v ∈ Sp, F ′w ∼= Fv;
• For each place w of F ′ above v1, the map R,ψw → R,ψv1 induced by restriction to GF ′w factors
through Rurw .
Fix a place w1 of F
′ above v1. Let S
′ = S′p ∪S′∞ ∪Σ′ ∪ {w1}, where S′p is the set of places of F ′ dividing
p, S′∞ is the set of places of F above ∞, and Σ′ is the set of places of F ′ lying above Σ. Consider the
following global deformation problems
R =(ρ, S, {O}v∈S , {DCvv }v∈Sp ∪ {D−1v }v∈S∞ ∪ {DStv }v∈Σ ∪ {DC˜v1v1 }),
R′ =(ρ|GF ′ , S′, {O}w∈S′, {DCww }w∈S′p ∪ {D−1w }w∈S′∞ ∪ {DStw }w∈Σ′ ∪ {Durw1}).
We claim that RψR′ is a finite O-algebra. Given this, since the morphismRψR′ → RψR is finite by proposition
3.1.7, RψR is a finite O-module. On the other hand, RψR has a Qp-point since it has Krull dimension at
least 1 by proposition 5.3.1. This gives a lifting ρ of ρ of type R. Since ρ|GF ′ lies in the automorphic
component defined by C restricted to F ′, we obtain that ρ is automorphic by solvable base change. It
follows that ρ gives a point on C˜ and the theorem is proved.
To prove the claim, we denote M ′∞ the patched module constructed in the same way as M∞ replacing
F with F ′, S with S′ and v1 with w1, which is endowed with an O′∞-linear action R′∞. Note that by
our assumption, the local deformation problem at v1 (resp. w1) of S (resp. S ′) is the Taylor-Wiles
deformation in section 3.2.9 and thus each irreducible component of Rv1 (resp. Rw1) can be realized by
the level (pro-v1 Iwahori) we choose in the patching process.
Write a′ for the ideal of O′∞ defined by its formal variables, S ′ for corresponding global deformation
problem (as in section 4.2) and σ′ for the locally algebraic type defined by σ restricting to F ′. It
follows that M ′∞(σ
′,◦) ⊗AS′
S′
AS
′
R′ is a faithful R
′
∞(σ
′) ⊗AS′
S′
AS
′
R′ -module by proposition 5.2.2 (3) and the
irreducibility of SpecR′∞(σ
′) ⊗AS′
S′
AS
′
R′ (which is an automorphic component of SpecR
′
∞(σ
′)). Thus
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RψR′
∼= (R′∞(σ′)⊗AS′
S′
AS
′
R′)/a
′(R′∞(σ
′)⊗AS′
S′
AS
′
R′) is a finite O-algebra by the same reason as in the proof
of lemma 5.3.2. 
6. Patching and p-adic local Langlands correspondence
Throughout this section, we will use freely the notations in section 4 and section 5. We fix a place p
of F lying above p(= 2). Let G = GL2(Fp) ∼= GL2(Qp), K = GL2(OFp) ∼= GL2(Zp), T be the subgroup
of diagonal matrices in G, and T0 be the subgroup of diagonal matrices in K.
6.1. Patching and Banach space representations. For each place v 6= p above p, we fix a locally
algebraic type σv compatible with ψ and an irreducible component Cv of the corresponding deformation
ring Rλv ,τv,∗v . Write σ
p = ⊗v∈Sp−{p}σv, which is a representation of Kp =
∏
v∈Sp−{p}
GL2(OFv ).
We denote Rloc,p = ⊗ˆO,v∈Sp−{p}R,ψv ⊗ˆO,v∈S−SpRv, Rloc,p(σp) = ⊗ˆO,v∈Sp−{p}Rλv,τv,∗v ⊗ˆO,v∈S−SpRv
and Rloc,p(Cp) = ⊗ˆO,v∈Sp−{p}RCvv ⊗ˆO,v∈S−SpRv, where Rv is the local deformation ring at v defined by
the global deformation problem S in section 4.2. Define
M˜ ′∞ =M∞ ⊗OJKpK (σp)◦
and
M˜∞ = M˜
′
∞ ⊗Rloc,p Rloc,p(Cp).
Thus M˜ ′∞ is an O∞JKK-module endowed with an O∞-linear action of
R˜′∞ = R∞ ⊗Rloc,p Rloc,p(σp),
which is free over R˜inv,′∞ = R
inv
∞ ⊗Rloc,p Rloc,p(σp) of rank 2t (lemma 5.2.1 (1)). Similarly, M˜∞ is an
O∞JKK-module endowed with an O∞-linear action of
R˜∞ = R∞ ⊗Rloc,p Rloc,p(Cp),
which is free over R˜inv∞ = R
inv
∞ ⊗Rloc,p Rloc,p(σp) of rank 2t. Assume that M˜∞[1/p] is non-zero.
Remark 6.1.1. The assumption is satisfied when ρ admits an automorphic lift ρ whose associated local
Galois representation ρ|GFv lies on Cv for each v ∈ Sp − {p}, ρ|GFv is of Steinberg type for each v ∈ Σ
and is unramified away from S since the corresponding automorphic form is a specialization of M˜∞.
The following proposition is a direct consequence of proposition 4.6.5 (3).
Proposition 6.1.2. M˜ ′∞ is finitely generated over O∞JKK and projective in the category ModproK,ζ(O∞),
with ζ = ψ|O×
Fp
. In particular, it is finitely generated over R˜′∞JKK and projective in Mod
pro
K,ζ(O).
Remark 6.1.3. M˜ ′∞ is the same as the patched module considered in [CEG
+16].
Let us denote by Π∞ := Hom
cont
O (M˜
′
∞,O). If y ∈ m-Spec R˜′∞[1/p], then
Πy := Hom
cont
O (M˜
′
∞ ⊗R˜′∞,y Ey, E) = Π∞[my]
is an admissible unitary E-Banach space representation of GL2(L) (by [CEG
+16, Proposition 2.13]). The
composition R,ψp → R∞ y−→ Ey defines an Ey-valued point x ∈ SpecR,ψp [1/p] and thus a continuous
representation rx : GQ2 → GL2(Ey).
Proposition 6.1.4. Let y ∈ m-Spec R˜′∞[1/p] be a closed E-valued point whose the associated local Galois
representation rx is potentially semi-stable of type σp. Assume that y lies on an automorphic component
of R∞(σ) with σ = σp ⊗ σp and πsm(rx) is generic. Then
Πl.algy
∼= πl.alg(rx).
Proof. The proof of [CEG+16, Theorem 4.35] (rx potentially crystalline) and [Pyv18, Theorem 7.7] (rx
potentially semi-stable) works verbatim in our setting. 
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6.2. Patched eigenvarieties. We write R1 for the universal deformation ring of the trivial character
1 : GQ2 → k× and 1univ for the universal character. Via the natural map O[Z] → R1[Z], the maximal
ideal of R1[Z] generated by ̟ and z− 1univ ◦ArtL(z) gives a maximal ideal of O[Z]. If we denote by ΛZ
the completion of the group algebra O[Z] at this maximal ideal, then the character 1univ ◦ArtL induces
an isomorphism ΛZ
∼−→ R1.
We define the patched eigenvarieties following [BHS17, Section 3] and [EP18, Section 6]. Denote R,signp
the quotient corresponding to the irreducible compoent of Rp given by ψ(ArtQ2(−1)) (as in section 3.3).
We define A˜′∞ (resp. A˜
inv,′
∞ , A˜∞ and A˜
inv
∞ ) in the same way R˜
′
∞ (resp. R˜
inv,′
∞ , R˜∞ and R˜
inv
∞ ) is defined
in section 4.6 and section 6.1, but by replacing R,ψp with R
,sign
p at p (and keeping all other places
unchanged). Let X∞ := Spf(A˜
inv,′
∞ )
rig, Xp = Spf(R

p )
rig, Xp = Spf(Rloc,p(σp))rig so that
X∞ = Xp × Xp × Ug,
where U := Spf(OLJxK)rig is the open unit disk over L.
We define N˜∞ = M˜
′
∞⊗ˆO1univ and Π˜∞ = Hom(N˜∞, E), both of which are equipped with an A˜inv,′∞ -
action (resp. A˜′∞-action) via A˜
inv,′
∞ → R˜inv,′∞ ⊗ˆOR1 (resp. A˜′∞ → R˜′∞⊗ˆOR1) induced by R,signp →
R,ψp ⊗ˆOR1 in section 3.3. Note that GL2(Q2) acts on 1univ via GL2(Q2) det−−→ Q×2 → Λ×Z ∼−→ R×1 and thus
on N˜∞ diagonally, which commutes with the action of A˜
inv,′
∞ (resp. A˜
′
∞).
Proposition 6.2.1. Let K ′ be the open normal subgroup of K defined by {g = sz | s ∈ SL2(Z2), s ≡
( 1 00 1 ) mod 4, z ∈ 1 + 4Z2}. Then N˜∞ is projective in the category ModproK′ (O).
Proof. Using the decomposition K ′ ∼= (K ′/K ′ ∩ Z)× Γ as in the proof of proposition 4.6.5, the proof of
[CEG+18, Proposition 6.10] works verbatimly. 
Let Tˆ be the rigid analytic space over E parametrizing continuous character of T and Tˆ 0 be the rigid
analytic space over E parametrizing continuous character of T0. Define the patched eigenvariety X
tri
∞ as
the support of coherent O
X∞×Tˆ
-module
JBp(Π˜
A˜′∞−an
∞ )
′
on X∞ × Tˆ , where JB is Emerton’s Jacquet functor with respect to B defined in [Eme06a], Π˜A˜
′
∞−an
∞ is
the subspace of A˜′∞-analytic vectors defined in [BHS17, Definition 3.2], and
′ is the strong dual. This is
a reduced closed analytic subset of X∞ × Tˆ [BHS17, Corollary 3.20] whose points are
{x = (y, δ) ∈ X∞ × Tˆ |HomT (δ, JB
(
Π˜
A˜′∞−an
∞ [py]⊗Ey Ex)
) 6= 0}
with py ⊂ A˜′∞ the prime ideal corresponding to the point y ∈ X∞ and Ey the residue field of py.
Let W∞ = Spf(O∞)rig × Tˆ 0 be the weight space of the patched eigenvariety. We define the weight
map ωX : X
tri
∞ →W∞ by the composite of the inclusion Xtri∞ → X∞ × Tˆ with the map from X∞ × Tˆ to
Spf(O∞)rig × Tˆ 0 induced by the O∞-structure of R˜∞ and by the restriction Tˆ → Tˆ 0.
Proposition 6.2.2. The rigid analytic space Xtri∞ is equidimensional of dimension q + 4|S|+ 1 and has
no embedded component.
Proof. The proof of [BHS17, Proposition 3.11], which shows that the weight map ωX is locally finite,
works verbatim in our setting. Thus the dimension of Xtri∞ is equal to the dimension of W∞, which is
given by
dimW∞ = dimSpf(O∞)rig + dim Tˆ 0
= q + 4|S| − 1 + 2.

Let ι be an automorphism of Tˆ given by
ι(δv,1, δv,2) = (unr(q)δv,1, unr(q
−1)δv,2(·)−1),
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which induces an isomorphism of rigid spaces
X∞ × Tˆ ∼−→ X∞ × Tˆ
(x, δ) 7→ (x, ι−1(δ)),
and thus a morphism of reduced rigid spaces over E:
Xtri∞ → Xtrip × Xp × Ug,
where Xtrip is the space of trianguline deformation of ρ|GFp [BHS17, Definition 2.4].
Theorem 6.2.3. This morphism induces an isomoprhism from Xtri∞ to a union of irreducible components
of Xtrip × Xp × Ug.
Proof. This can be proved in the same way as in [BHS17, Theorem 3.21]. 
Proposition 6.2.4. The support of N˜∞ in Spec A˜
′
∞ is equal to a union of irreducible components in
Spec A˜′∞.
Proof. Replacing [BHS17, Theorem 3.21] with theorem 6.2.3, the proof of [EP18, Theorem 6.3] works
verbatimly in our setting. 
Corollary 6.2.5. Let Σps be the set of principal series types. Then the Zariski closure in Spec A˜
′
∞ of
the set of points having types σ ∈ Σps and lying in the support of N˜∞(σ) := N˜∞ ⊗OJKK σ is equal to a
union of irreducible components of Spec A˜′∞.
Proof. Since N˜∞ is projective in Mod
pro
K′ (O) by proposition 6.2.1, it is captured by the family of principal
series types by [EP18, Proposition 3.10]. Applying proposition [EP18, Proposition 2.11] to M = N˜∞
and R = A˜′∞/AnnA˜′∞(N˜∞), we see that the set of points having principal series types are dense in
A˜′∞/AnnA˜′∞
(N˜∞), which is equal to a union of irreducible components in Spec A˜
′
∞ by proposition 6.2.4.
This proves the corollary. 
6.3. Relations with Colmez’s functor.
Lemma 6.3.1. M˜∞ lies in CG,ψ(O).
Proof. This follows immediately from proposition 6.2.1. 
As a result, we may apply Colmez’s functor Vˇ to M˜∞ and obtain an R˜∞JGQpK-module Vˇ(M˜∞).
Proposition 6.3.2. Vˇ(M˜∞) is finitely generated over R˜∞JGQpK.
Proof. Using proposition 1.3.2, the proof of [Tun18, Proposition 3.4] works without any change. 
Let σ be a locally algebraic type for G. We define R˜∞(σ) = R˜∞ ⊗R,ψp R
,ψ
p (σ) (resp. R˜
′
∞(σ) =
R˜′∞ ⊗R,ψp R
,ψ
p (σ)) and M˜∞(σ
◦) = M˜∞ ⊗OJKK σ◦ (resp. M˜ ′∞(σ◦) = M˜ ′∞ ⊗OJKK σ◦), which satisfies a
similar local-global compatibility as in section 5.2.
Theorem 6.3.3. The action of R˜∞JGQpK on Vˇ(M˜∞) factors through R˜∞JGQpK/J , where J is a closed
two-sided ideal generated by g2− tr (r∞(g))g+det (r∞(g)) for all g ∈ GQp , where r∞ : GQp → GL2(R˜∞)
is the Galois representation lifting r induced by the natural map R,ψp → R˜∞.
Proof. The proof of [Tun18, Theorem 3.4] works verbatim in our setting. 
Corollary 6.3.4. Vˇ(M˜∞) is finitely generated over R˜∞.
Proof. See [Tun18, Corollary 3.7]. 
Proposition 6.3.5. R˜∞[1/p] acts on Vˇ(M˜∞)[1/p] nearly faithfully, i.e. AnnR˜∞[1/p](Vˇ(M˜∞)[1/p]) is
nilpotent.
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Proof. Consider V := Vˇ(M˜∞)⊗ˆO1univ, which is an A˜∞-module (resp. A˜inv∞ -module) via A˜∞ → R˜∞⊗ˆOR1
(resp. A˜inv∞ → R˜∞⊗ˆOR1) induced by the homomorphism R,signp → R,ψp ⊗ˆOR1 in section 3.3. Note that
irreducible components of Spec A˜inv∞ are in bijection with irreducible components of SpecR
,ψ
v1 if O is
sufficiently large (in the sense that all irreducible components of local deformation rings are geometrically
irreducible, see [HP18, Appendix A]). By corollary 6.2.5, the set of points in z ∈ m-Spec A˜∞[1/p] with a
principal series types σ lying in the support of N˜∞(σ) are dense in a union of irreducible components of
Spec A˜∞[1/p], which is equal to Spec A˜∞[1/p] by lemma 5.2.1 (2) and proposition 5.4.1.
On the other hand, for any point z ∈ m-Spec A˜∞[1/p] as above, there is a x ∈ m-Spec R˜∞⊗ˆOR1[1/p]
lying in the preimage of z satisfying (M˜∞)y 6= 0, where y ∈ m-Spec R˜∞[1/p] is the point given by x.
Note that the point y is also of principal series type. It follows that Vˇ(M˜∞)y 6= 0 by proposition 6.1.4
(Πl.algy
∼= πl.alg), [BB10, Theorem 4.3.1] and [BE10, Proposition 2.2.1] (Vˇ(π̂l.alg) 6= 0), which implies that
Vz 6= 0. Hence A˜∞[1/p] acts on V [1/p] nearly faithfully.
Note that V admits two actions of R1, one via R1 → R,ψp ⊗ˆOR1 given by (r, χ) 7→ χ and the other
via R1 → R,signp given by r 7→ ψ−1 det r, which are compatible by the following commutative diagram
R1 R1
R,signp R
,ψ
p ⊗ˆOR1,
s
where s is the map induced by χ 7→ χ2. Denote ι : R1 → O the homomorphism given by the trivial
lifting of 1. It induces the following commutative diagram
R,signp R
,ψ
p ⊗ˆOR1
R,ψp R
,ψ
p
⊗R1,ιO ⊗R1,ιO
and thus an R˜∞-module isomorphism V ⊗R1,ι O ∼= Vˇ(M˜∞) (for both R1-actions because ι ∼= ι ◦ s).
Denote I the kernel of the homomorphism A˜∞ → R˜∞ induced by ι. Since V is finite over A˜∞ (V is
finite over R˜∞⊗ˆOR1 by corollary 6.3.4 and R˜∞⊗ˆOR1 is finite over A˜∞ by proposition 3.3.4), we see that
Vˇ(M˜∞)[1/p] ∼= V/IV [1/p] is a nearly faithful R˜∞[1/p] ∼= A˜∞/IA˜∞[1/p]-module by [Tay08, Lemma 2.2].
This finishes the proof. 
Proposition 6.3.6. For all y ∈ Spec R˜∞[1/p], we have Πy 6= 0.
Proof. See [Tun18, Proposition 3.10]. 
Theorem 6.3.7. For all y ∈ m-Spec R˜∞[1/p] such that Πy 6= 0 and the associate Galois representation
rx is absolutely irreducible, we have Vˇ(Πy) ∼= rx. In particular, M˜∞(σ◦)[1/p] is supported on every
non-ordinary (at p) component of Spec R˜∞(σ) for each locally algebraic type σ for G.
Proof. Let x ∈ m-SpecR,ψp [1/p] be the image of y ∈ m-Spec R˜∞[1/p] and let rx : GQp → GL2(Ey) be the
corresponding Galois representation. If rx is absolutely irreducible, then the action of R˜∞JGQpK⊗R˜∞,yEy
on Vˇ(Πy) factors through g
2− tr (rx(g))g+det (rx(g)) by theorem 6.3.3, which implies Vˇ(Πy) ∼= (rx)⊕n
(see [BLR91, Theorem 1]) for some integer n. As Πy 6= 0 by assumption, we get n ≥ 1.
Since Πy is an admissible Banach space representation, it contains an irreducible subrepresentation Π,
which can be assumed to be absolutely irreducible after extending scalars. If ΠSL2(Qp) = 0, then Vˇ(Π) is
nonzero and dimE Vˇ(Π) ≤ 2 by [CDP14, Corollary 1.7]. Since (rx)⊕n ∼= Vˇ(Πy)։ Vˇ(Π), it follows that
Vˇ(Π) ∼= rx. Moreover, by [Col10, Theorem VI.6.50] and [Eme11, Theorem 3.3.22], the locally algebraic
vectors inside Π is nonzero if and only if rx is de Rham with distinct Hodge-Tate weights, in which case
Πl.alg ∼= πl.alg(rx). Suppose that rx is potentially semi-stable of type σ with πsm(rx) generic. Then we
obtain that n = 1 and y lies in the support of M˜∞(σ
◦) since
1 = dimE HomK(σ,Π) ≤ HomK(σ,Πy) ≤ 1,
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where the last inequality is by proposition 5.2.2 (3).
If ΠSL2(Qp) 6= 0 , then Π ∼= Ψ ◦ det, where Ψ : GL2(Qp) → E× is a continuous character. Since the
central character ψ of M˜∞ is locally algebraic, it follows that Π = det
a⊗η ◦ det, where a is an integer
and η is a smooth character of Q×p . Thus we have
0 6= HomK(deta⊗η ◦ det,ΠSL2(Qp)) →֒ HomK(deta⊗η ◦ det,Πy),
which implies that y lies in the support of M˜∞(det
a⊗η ◦ det) (i.e. rx is crystalline with Hodge-Tate
weights (a, a+ 1) up to a twist) and n = 1 by the same reason above.
These proves the first assertion since such points (potentially semi-stable of some type σ with πsm(rx)
generic) are dense in the support of M˜∞ and the second assertion follows immediately from proposition
6.3.5. 
Corollary 6.3.8. For all y ∈ m-Spec R˜∞[1/p] such that Πy 6= 0 and the associate Galois representation
rx is absolutely irreducible, we have Vˇ(M∞)my
∼= (rp )mx ⊗(R,ψp )mx (R˜∞)my .
Proof. Since Vˇ(Πy) ∼= rx by theorem 6.3.7, it follows that
Vˇ(M˜∞)my
∼= (rp )mx ⊗(R˜∞)my Uy
for some (R˜∞)my -module Uy by the proof of [Tho16, Theorem 3.1]. Note that Uy is free of rank 1 over
(R˜∞)my since it can be generated by 1 element over (R˜∞)my (by Nakayama’s lemma) and (R˜∞)my acts
on Vˇ(M˜∞)my faithfully (by proposition 6.3.5). This proves the corollary. 
Remark 6.3.9. To remove the patching variables, i.e. Vˇ(M˜∞) ∼= rp ⊗R,ψp R˜∞, the flatness of Vˇ(M˜∞)[1/p]
is not enough. It is essential to show that Vˇ(M˜∞) is flat over R˜∞. If r is absolutely irreducible, this can
be proved by the same argument using [Tho16, Theorem 3.1].
7. Patching argument: ordinary case
The goal of this section is to construct automorphic points on some partial ordinary irreducible compo-
nents of R∞(σ). We will follow the strategy in [All14b, Tho15, Sas19, Sas17] and use freely the notations
in section 4.1.
Let p = 2 and F be a totally real field (p may not split completely). If v is a finite place of F above
2 and c ≥ b ≥ 0 are integers, then we define an open compact subgroup Iwv(b, c) of GL2(OFv ) by the
formula
Iwv(b, c) =
{(
t1 ∗
0 t2
)
mod ̟cv | t1 ≡ t2 ≡ 1 mod ̟bv
}
.
Thus Iwv(0, 1) is the Iwahori subgroup of GL2(OFv ) and Iwv(1, 1) is the pro-v Iwahoric subgroup.
Let Uv = Iwv(b, c) for some integers c ≥ b ≥ 1. We define the operator U̟v by the double coset
operator U̟v = [Uv(
̟w 0
0 1 )Uv], and the diamond operator 〈α〉 = [Uv( α 00 1 )Uv] for α ∈ O×Fv .
Lemma 7.0.1. Let v be a fixed place of F above p. If U ′ ⊂ U are open compact subgroups of G(A∞F )
such that U ′w = Uw if w 6= v, and U ′v = Iwv(b′, c′) ⊂ Uv = Iwv(b, c) for some b′ ≥ b ≥ 1, c′ ≥ c. Then for
any topological O-algebra A, the operators U̟v and 〈α〉 for α ∈ O×Fv commutes with each other and with
the natural map
Sψ(U,A)→ Sψ(U ′, A).
Proof. See [Hid89b, Section 1]. 
7.1. Partial Hida families. Let S ⊃ Sp ∪ S∞ ∪ Σ ∪ {v1} be a set defined as section 4.1. Let P ⊂ Sp
be a subset. For each v ∈ Sp − P , we fix a locally algebraic type σv compatible with ψ. Define the open
compact subgroup UP =
∏
v Uv of (D ⊗F A∞,PF )× by
• Uv = (OD)×v if v /∈ S or v ∈ Σ ∪ (Sp − P ).
• Uv1 is the pro-v1 Iwahori subgroup.
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If c ≥ b ≥ 1 are two integers, then we set U(b, c) = UP×∏v∈P Iwv(b, c). Let σP (b, c) = ⊗v∈Sp−Pσv⊗⊗v∈P 1
be a continuous representation of
∏
v∈Sp−P
Uv ×
∏
v∈P Iwv(b, c). We will write SσP ,ψ(U(b, c),O) for
SσP (b,c),ψ(U(b, c),O).
We defineO×P (b, c) = ker(
∏
v∈P (OFv/̟cv)× →
∏
v∈P (OFv/̟bv)×). The group U(1, c) acts on SσP ,ψ(U(b, c),O),
which is uniquely determined by the diamond operator action of O×P (b, c) via the embedding
O×P (b, c)→ U(1, c)/U(b, c) y 7→ ( y 00 1 ) mod U(b, c).
We define ΛP (b, c) = O[O×P (b, c)] and ΛbP = lim←−c ΛP (b, c). If b = 1, we write ΛP for Λ
1
P .
We write TordS,P for the polynomial algebra over ΛP [∆v1 ] in the indeterminates Tv, Sv for v /∈ S and the
indeterminates U̟v for v ∈ P ∪ {v1}. Define a TordS,P -module structure on SσP ,ψ(U(b, c),O) by letting
ΛP [∆v1 ] act via diamond operators and Tv, Sv,U̟v act as usual. Since for v ∈ P the operators U̟v and
〈α〉 commutes with all inclusions SσP ,ψ(U(b, c),O) → SσP ,ψ(U(b′, c′),O) for every b′ ≥ b ≥ 1, c′ ≥ c,
these maps become maps of TordS,P -modules.
DenoteU = UP :=
∏
v∈P U̟v , it follows that e = limn→∞(UP )
n! defines an idempotent in End(SσP ,ψ(U(b, c),O))
(resp. End(SσP ,ψ(U(b, c), s))) (c.f. [KT17, Lemma 2.10]). Define the ordinary subspace of SσP ,ψ(U(b, c),O)
(resp. SσP ,ψ(U(b, c), s)) by
Sordψ (U(b, c),O) = eSσP ,ψ(U(b, c),O) (resp. Sordψ (U(b, c), s) = eSσP ,ψ(U(b, c), s)).
Lemma 7.1.1. For all c ≥ b ≥ 1, the natural map
Sordψ (U(b, b),O)→ Sordψ (U(b, c),O)
is an isomorphism.
Proof. See [All14b, Lemma 2.3.2] and [Ger10, Lemma 2.5.2]. 
We now define the partial Hida family. By Lemma 7.0.1, for c′ ≥ c the natural maps
Sψ(U(c, c),O)→ Sψ(U(c′, c′),O)
commute with the action of the Hecke operator UP and 〈α〉, α ∈ O×P (p).
Definition 7.1.2. We define
Mordψ (U
P ) = lim←−
c
Sordψ (U(c, c),O)d,
which is naturally a ΛP -module.
Proposition 7.1.3. (1) For every s, c ≥ 1, there is an isomorphism
Mordψ (U
P )⊗ΛP ΛP (1, c)/(̟s) ∼−→ Sordψ (U(c, c), s)∨.
(2) For every c ≥ 1, the ΛcP -moduleMordψ (UP ) is finite free of rank equal to the O-rank of Sordψ (U(c, c),O).
Proof. See [All14b, Proposition 2.3.3]. 
The algebra TordS,P acts naturally on S
ord
ψ (U(c, c), s). We write T
S,ord
ψ (U(c, c),O) for its image in
EndΛP (S
ord
ψ (U(c, c),O)).
Definition 7.1.4. We define
TS,ordψ (U
P ) := lim←−
c
TS,ordψ (U(c, c),O)
endowed with inverse limit topology. It follows immediately from the definition that TS,ordψ (U
P ) acts on
Mordψ (U
P ) faithfully.
Lemma 7.1.5. TS,ordψ (U
P ) is a finite ΛP -algebra with finitely many maximal ideals. Denote its finitely
many maximal ideals by m1, · · · ,mr and let J = ∩imi denote the Jacobson radical. Then TS,ordψ (UP ) is
J-adically complete and separated, and we have
TS,ordψ (U
P ) = TS,ordψ (U
P )m1 × · · · × TS,ordψ (UP )mr .
For each i, TS,ordψ (U
P )/mi is a finite extension of k.
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Proof. The proof is identical to lemma 4.2.4. 
Let m ⊂ TS,ordψ (UP ) be a maximal ideal with residue field k. There exists a continuous semi-simple
representation ρordm : GF,S → GL2(k) such that ρordm is totally odd, and for any finite place v /∈ S of F ,
ρm(Frobv) has characteristic polynomial X
2 − TvX + qvSv ∈ (TS,ordψ (UP )/m)[X ]. If ρordm is absolutely
reducible, we say that the maximal ideal m is Eisenstein; otherwise, we say that m is non-Eisenstein.
Suppose that m is non-Eisenstein. For each v ∈ Sp − P , let λv and τv be the Hodge type and inerital
type given by σv. We define a global deformation problem
SP = (ρordm , F, S, {OJO×v (p)K}v∈P ∪ {O}v∈S−P , {D∆v }v∈P ∪ {Dλv ,τv,ssv }v∈Sp−P ∪ {D−1v }v∈S∞
∪ {DStv }v∈Σ ∪ {D,ψv1 }),
whereD∆v is the ordinary deformation problem defined with respect to the character ηv given by ηv(̟v) =
U̟v mod m and ηv(α) = 〈α〉 mod m for all α ∈ O×Fv .
Proposition 7.1.6. Suppose that m is non-Eisenstein. Then there exists a lifting of ρordm to a continuous
homomorphism
ρordm : GF,S → GL2(TS,ordψ (UP )m)
such that
• for each place v /∈ S of F , ρordm (Frobv) has characteristic polynomial X2 − TvX + qvSv ∈
TS,ordψ (U
P )m[X ];
• for each place v ∈ P , ρordm |GFv ∼
( χv ∗
0 ∗
)
such that χv(̟) = U̟v and χv ◦ ArtFv (t) = 〈t〉 for
t ∈ O×Fv .
Moreover, ρordm is of type SP and has determinant ψε.
Proof. The proof of [All14b, Proposition 2.4.4] works verbatimly in our setting. 
7.2. Ordinary patching. Let m be a non-Eisenstein maximal ideal of TS,ordψ (U
P ). Let T = S − {v1}
and (QN , {αv}v∈QN ) be a Taylor-Wiles datum as in lemma 4.4.1. There are isomorphisms RTSP ∼=
RSP ⊗ˆOT (resp. RT,ψSP ∼= RψSP ⊗ˆOT ). Define SN = ON ⊗ˆOΛP , S∞ = O∞⊗ˆOΛP . Denote R∆,′∞ :=
ASST Jx1, · · · , xg+tK. Then Spf R∆,′∞ is equipped with a free action of (Gˆm)t, and a (Gˆm)t-equivariant
morphism δ∆ : Spf R∆,′∞ → (Gˆm)t, where (Gˆm)t acts on itself by the square of the identity map. Define
R∆∞ by Spf R
∆
∞ = (δ
∆)−1(1) and R∆,inv∞ by Spf R
∆,inv
∞ := Spf R
∆,′
∞ /(Gˆm)
t. We fix a Θ∗QN -equivariant
surjective ATSP -algebra homomoprhism R
∆,′
∞ ։ R
T
SP
QN
for each N , which induces a Θ∗QN [2]-equivariant
surjective ATSP -algebra map R∞ ։ R
T,ψ
SP
QN
.
Let c ∈ N and let J be an open ideal in S∞. Let IJ be the subset of N such that J contains the kernel
of S∞ → SN . For N ∈ IJ , define
Mordψ (c, J,N) := S∞/J ⊗SN Sordψ (U1(QN )(c, c),O)dmQN,1 .
Applying Taylor-Wiles method to Mordψ (c, J,N) by the same way as in section 4.6 (with some choice of
ultrafilter F), we obtain an S∞-module M
ord
∞ , which is finite free over S∞ and endowed with a S∞-linear
action of R∆∞. Moreover, we have M
ord
∞ /aM∞
∼=Mordψ (UP ) with a = ker(O∞ → O).
The following proposition is an analog of [Ger10, Theorem 4.3.1] and [Sas19, Theorem 3].
Proposition 7.2.1. Assume that for each v ∈ P , the image of ρordm |GFv is either trivial or has order p, and
that either Fv contains a primitive fourth roots of unity or [Fv : Q2] ≥ 3. We have SuppR∆∞ Mord∞ = R∆∞.
Proof. Let Q be a minimal prime ideal of ΛP . Then M
ord
∞ /Q is a finite free S∞/Q-module. It fol-
lows that the depth of Mord∞ /Q as an R
∆
∞-module is at least dimS∞/Q. Thus every minimal prime of
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(R∆∞/Q)/Ann(M
ord
∞ /Q) has dimension at least dimS∞/Q. On the other hand, by proposition 3.2.1(3),
R∆∞/Q is irreducible of dimension
g + 1 +
∑
v∈P
(3 + 2[Fv : Qp]) +
∑
v∈Sp−P
(3 + [Fv : Qp]) +
∑
v∈S∞
2 +
∑
v∈Σ
3
=q + 4|T |+
∑
v∈P
[Fv : Qp]
which is equal to dimS∞/Q. Thus M
ord
∞ /Q is supported at all of SpecR
∆
∞/Q and the proposition
follows. 
Corollary 7.2.2. Under the assumption of proposition 7.2.1, the homomorphism Rψ
SP
։ TS,ordψ (U
P )m
induces isomorphisms
(Rψ
SP
)red ∼= TS,ordψ (UP )m.
Proof. Reducing modulo a we see that Sordψ (U
P )d ∼=Mord∞ /a is a nearly faithful R∆∞/a-module. However,
the action of R∆∞/a on S
ord
ψ (U
P ) factors through the homomorphism R∆∞/aR
∆
∞ ։ R
ψ
SP ։ T
S,ord
ψ (U
P )m.
It follows that the induced map (Rψ
SP
)red ։ TS,ordψ (U
P )m is an isomorphism as required. 
Corollary 7.2.3. Under the assumption of proposition 7.2.1, RψSP is a finite ΛP -module.
Proof. The proof of [Tho12, Corollary 8.7] works verbatim in our setting. We include the proof for the sake
of completeness. Corollary 7.2.2 shows that Rψ
SP
/J is a quotient of the finite ΛP -module T
S,ord
ψ (U
p)mord ,
for some nilpotent ideal J of Rψ
SP
. This implies that Rψ
SP
/m′ is a finite k-algebra, where m′ is the maximal
ideal of ΛP . Thus the corollary follows from Nakayama’s lemma. 
7.3. Constructing Galois representations.
Theorem 7.3.1. Let F be a totally real field and let
ρ : GF → GL2(k)
be a continuous representation unramified outside p. Suppose that ρ¯ has non-solvable image.
Let Σ be a finite subset of places of F not containing those above p and let Σp = Σ ∪ {v|p}. Given a
subset P of {v|p} such that ρ|GFv is reducible, and an ordinary lift ρv of ρ|GFv for each v ∈ P .
Assume that there is a regular algebraic cuspidal automorphic representation π of GL2(AF ) such that
• ρπ,ι ∼= ρ;
• det ρπ,ι|GFv = det ρv for each v ∈ P ;
• πv is unramified outside Σp and is special at Σ;
• π is ι-ordinary at v ∈ P .
Then there is an automorphic lift ρ : GF → GL2(O) of ρ such that
• ρ is unramified outside Σp and ρ(Iv) is unipotent non-trivial at v ∈ Σ;
• if v ∈ Sp − P , then ρ|GFv and ρπ,ι|GFv lies on the same irreducible component of the potentially
semi-stable deformation ring given by ρπ,ι|GFv ;
• if v ∈ P , then ρ|GFv and ρv lies on the same irreducible component of the potentially semi-stable
deformation ring (corresponding to ρv).
Proof. This theorem is a variant of [Tho12, Theorem 10.2]. Let ψ = ε−1 det ρπ,ι. Choose a finite solvable
totally real extension F ′ of F such that
• [F ′ : Q] is even;
• F ′ is linearly disjoint form F ker ρ(ζp);
• ρπ,ι|GF ′ is ramified at an even number of places outside p;
• for every place w of F ′ lying above P , the image of ρ|GF ′w is either trivial or has order p, and
that either F ′w contains a primitive fourth roots of unity or [F
′
w : Qp] ≥ 3.
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Let D be the quaternion algebra with center F ′ ramified exactly at all infinite places and all w lying
above Σ. Choose w1 to be a place not in Σ such that v1 ∤ 2Mp and Frobv1 has distinct eigenvalues. Fix
a place v1 of F dividing w1. Let S = Sp ∪ S∞ ∪Σ∪ {v1} and S′ = S′p ∪ S′∞ ∪Σ′ ∪ {w1}, where Sp (resp.
S′p) is the set of places of F (resp. F
′) dividing p, S∞ (resp. S
′
∞) is the set of places of F (resp. F
′)
above ∞, and Σ′ is the set of places of F ′ lying above Σ. Denote P ′ the set of places of F ′ lying above
P and UP
′
=
∏
w∈P ′ Uw the open compact subgroup of G(A
∞
F ′) defined by Uw = O×D if w /∈ P ′ ∪ {w1}
and Uw1 is the pro-w1 Iwahori subgroup. Let σv be the locally algebraic type given by ρπ,ι if v ∈ S′p−P ′
and let m be the maximal ideal in TS
′,ord
ψ defined by π|F ′ and ̟. Thus we are in the setting of previous
sections.
Let λv and τv be the type given by ρv if v ∈ P (resp. ρπ,ι if v ∈ Sp − P ) and let Cv be an irreducible
component of the potentially semi-stable deformation ring containing ρv if v ∈ P (resp. ρπ,ι if v ∈ Sp−P ).
Define λw , τw, Cw similarly for w ∈ S′p. Let T = S − {v1} and T ′ = S′ − {w1}. Let γ be the character
given by ρπ,ι|GFv1 . Consider the following global deformation problems
R =(ρ, S, {O}v∈S , {DCvv }v∈Sp ∪ {D−1v }v∈S∞ ∪ {DStv }v∈Σ ∪ {Durv1 }),
R′ =(ρ|GF ′ , S′, {O}w∈S′, {DCww }w∈S′p ∪ {D−1w }w∈S′∞ ∪ {DStw }w∈Σ′ ∪ {Durw1}),
RP,′ =(ρ|GF ′ , S′, {OJO×F ′w (p)K}w∈P ∪ {O}w∈S′−P ′ , {D
∆
w}w∈P ∪ {DCww }w∈S′p−T ′ ∪ {D−1w }w∈S′∞
∪ {DStw }w∈Σ′ ∪ {Durw1}).
Then by corollary 7.2.3, Rψ
RP,′
is a finite ΛP ′ -module. Note that R
ψ
RP,′
is a quotient of Rψ
SP,′
⊗ΛP O by
lemma 3.2.5, thus a finite O-module. Since the morphism RψR′ → RψR is finite by proposition 3.1.7, RψR
is a finite O-module.
On the other hand, RψR has a Qp-point since it has Krull dimension at least 1 by proposition 5.3.1.
This gives the desired lifting ρ of ρ. It remains to show that ρ is automorphic, which follows from the
automorphy of ρ|GF ′ and solvable base change. 
8. Main results
Theorem 8.0.1. Suppose that p splits completely in F (i.e. Fv ∼= Q2 for v|p). For each locally algebraic
type σ, the support of M∞(σ
◦)⊗Zp Qp meets every irreducible component of R∞(σ)[1/p].
Proof. Given an arbitrary irreducible component C of R∞(σ)[1/p], we want to show that there is a point
y lying on C such that M∞(σ◦)⊗R∞(σ),y Ey 6= 0.
For each v|2, let Cv be the irreducible component of Rλv ,τvv given by C and let C′v be the irreducible
component of R
λ′v ,τ
′
v
v given by an automorphic lift of ρ (which exists by assumption and can be chosen
to be ordinary of weight (0, 0)Hom(F,Qp) if ρv is reducible).
Fix a place p of F above 2. We claim that the support of M∞(σ
◦) ⊗Zp Qp meets the irreducible
component of R∞(σ)[1/p] defined by Cp and C′v for v ∈ Sp − {p}. In the case Cp is ordinary, this follows
from theorem 7.3.1, otherwise this is due to theorem 6.3.7. Repeating the argument for each place v|p,
we obtain a point lying on C. This proves the theorem. 
Due to the equivalent conditions in theorem 5.3.3 and lemma 4.3.3, we obtain the following:
Corollary 8.0.2. Conjecture 5.1.2 and Conjecture 5.1.3 holds for each continuous representation r :
GQp → GL2(k)
This gives a new proof of Breuil-Me´zard conjecture when p = 2, which is new in the case r ∼ ( χ ∗0 χ )
with χ an character.
Another application of theorem 8.0.1 is an improvement of the theorem in [Pasˇ16] below, which is new
in the case ρ|GFv ∼ ( χ ∗0 χ ) for some v|p.
Theorem 8.0.3. Let F be a totally real field in which p splits completely. Let ρ : GF → GL2(O) be a
continuous representation. Suppose that
(1) ρ is ramified at only finitely many places;
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(2) ρ¯ is modular;
(3) ρ¯ is totally odd;
(4) ρ¯ has non-solvable image;
(5) For every v|p, ρ|Fv is potentially semi-stable with distinct Hodge-Tate weights.
Then (up to twist) ρ comes from a Hilbert modular form.
Proof. Let ψ = ε−1 det ρ. By solvable base change, it is enough to prove the assertion for the restriction
of ρ to GF ′ , where F
′ is a totally real solvable extension of F . Moreover, we can choose F ′ satisfying
• [F ′ : Q] is even.
• F ′ is linearly disjoint form F ker ρ(ζp) and splits completely at p.
• ρ|GF ′ is unramified outside p.
• If ρ is ramified at v 6= p, then the image of inertia is unipotent.
• ρ is ramified at an even number of places outside p.
Let Σ be the set of places outside p such that ρ|GF ′ is ramified. If v ∈ Σ, then
ρ|GF ′ ∼=
(
γv(1) ∗
0 γv
)
,
where γv is an unramified character such that γ
2
v = ψ|GF ′v .
Let D be the quaternion algebra with center F ′ ramified exactly at all infinite places and all v ∈ Σ.
Choose a place v1 of F
′ as in the proof of theorem 7.3.1. Let S be the union of infinite places, places
above p, Σ and v1. Let U
p =
∏
v∤p = Uv be an open subgroup of G(A
∞,p
F ′ ) such that Uv = G(OF ′v ) if
v 6= v1 and Uv1 is the pro-v1 Iwahori subgroup. Let m be the maximal ideal in the Hecke algebra TSψ(Up)
defined by ρ|GF ′ . Thus we are in the setting of section 4.3.
By theorem 8.0.1 and lemma 5.3.2 (3) with σ the locally algebraic type associated to ρ|GF ′ , we see
that ρ|GF ′ is automorphic and thus proves the theorem. 
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